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Abstract: In this paper, we define, for arithmetic schemes with semistable 
reduction, p-adic objects playing the roles of Tate twists in etale topology, and 
establish their fundamental properties. 



Resume: Dans ce papier, nous definissions, pour les schemas arithmetiques a 
reduction semistable, des objets p-adiques jouant les roles de twists a la Tate en 
topologie etale, et nous etablissons leurs proprietes fondamentales. 



Keywords: etale cohomology theory 

Beilinson-Lichtenbaum axioms for motivic complexes 

p-adic etale Tate twists 

twisted duality for arithmetic schemes 

etale sheaves of p-adic vanishing cycles 



Contents 



1. Introduction 

1.1. Existence result 

1.2. Arithmetic duality 

1.3. Construction of 1 r (n)x 

1.4. Comparison with known objects 

1.5. Guide for the readers 
Notation and conventions 

2. Preliminaries 

2.1. Elementary facts from homological algebra 

2.2. Logarithmic Hodge- Witt sheaves 

3. Boundary maps on the sheaves of p-adic vanishing cycles 

3.1. Milnor i^-groups and boundary maps 

3.2. Boundary map in a geometric setting 

3.3. Bloch-Kato-Hyodo theorem 



4 
4 
5 
7 
8 
8 
9 
10 
10 
11 
12 
13 
13 
14 
16 
19 
20 
20 
20 
22 
23 
25 
26 
27 
28 
29 



3.4. Structure of Ker(a^ r ) 



3.5. Tamely ramified case 

4. p-adic etale Tate twists 

4.1. Setting 

4.2. Definition of T r (n)x 

4.3. Bockstein triangle 

4.4. Gysin morphism and purity 

4.5. Kummer sequence for G m and purity of Brauer groups 

5. Cycle class and intersection property 

5.1. Cycle class 

5.2. Proof of Proposition 5.1.3 

6. Compatibility and purity for horizontal subschemes 



p-ADIC ETALE TATE TWISTS 3 

6.1. Gysin maps 29 

6.2. Proof of the theorems, Step 1 31 

6.3. Proof of the theorems, Step 2 31 

6.4. Proof of the theorems, Step 3 32 

7. Covariant functoriality and relative duality 34 

7.1. Covariant functoriality 34 

7.2. Proof of Theorem 7.1.1 36 

7.3. Relative duality 37 

8. Explicit formula for p-adic vanishing cycles 38 

8.1. Setting 39 

8.2. Construction of Q n 39 

8.3. Explicit formula for 9 n 40 

8.4. Reduction to cohomology groups 42 

8.5. Reduction to higher local fields 43 

8.6. Galois descent by corestriction maps 45 

8.7. Proof of (8.5.3) 45 

9. Duality of p-adic vanishing cycles 48 

9.1. Statement of the result 48 

9.2. Proof of Theorem 9.1.1 49 

9.3. Proof of Lemma 9.2.7 51 

10. Duality of p-adic etale Tate twists 52 

10.1. Statement of the results 52 

10.2. Trace maps 52 

10.3. Reduction to the case r = 1 54 

10.4. Descending induction on n 54 

10.5. Proof of Proposition 10.4.8 57 

10.6. Consequences in the local case 59 
Appendix A. An application of p-adic Hodge theory to the coniveau filtration 60 
References 64 



4 



K. SATO 



1. Introduction 

Let A; be a finite field of characteristic p > 0, and let X be a proper smooth variety over 
Spec(k) of dimension d. For a positive integer m prime to p, we have the etale sheaf yt, m on X 
consisting of m-th roots of unity. The sheaves Z/mZ(n) := /i®" (n > 0), so called Tate twists, 
satisfy Poincare duality of the following form: There is a non-degenerate pairing of finite groups 
for any i 6 Z 

4(1, Z/mZ(n)) x Hf ^'(I, Z/mZ(d - n)) ► Z/mZ. 

On the other hand, we have the etale subsheaf W r Vt xlog (n > 0, r > 1) of the logarithmic part 
of the Hodge- Witt sheaf W r Q x ([Bll], [111]). When we put Z/p r Z{n) := W r Q xlog [-n\, we have 
an analogous duality fact due to Milne [Mil], [Mi2]. 

In this paper, for a regular scheme X which is flat of finite type over Spec(Z) and a prime 
number p, we construct an object % r (n)x playing the role of 'Z/p r Z(n)' in D b (X(. t , Z/p r Z), the 
derived category of bounded complexes of etale Z/p r Z-sheaves on X. The fundamental idea 
is due to Schneider [Sch], that is, we will grue /zS™ on X[l/p] and a logarithmic Hodge- Witt 
sheaf on the fibers of characteristic p to define % r {ri)x (cf. Lemma 1.3.1 below). We will further 
prove a duality result analogous to the above Poincare duality. The object % r (n) x is a p-adic 
analogue of the Beilinson-Deligne complex R(n)x> on the complex manifold (X ®i C) an , while 
fi® n on X[l/p] corresponds to (27r v /= T) ri • 1 on (1 ® z C) an . 

1.1. Existence result. We fix the setting as follows. Let p be a rational prime number. Let 
A be a Dedekind ring whose fraction field has characteristic zero and which has a residue field 
of characteristic p. We assume that 

every residue field of A of characteristic p is perfect. 

Let X be a noetherian regular scheme of pure-dimension which is flat of finite type over B : = 
Spec (A) and satisfies the following condition: 

X is a smooth or semistable family around any fiber ofX/B of characteristic p . 

Let j be the open immersion X[l/p] X. The first main result of this paper is the following: 

Theorem 1.1.1. For each n > and r > 1, there exists an object T r (n)x £ D b (X^ t , Z/p r Z), 
which we call a p-adic etale Tate twist, satisfying the following properties: 

Tl (Trivialization, cf. 4.2.4). There is an isomorphism t : j*% r (n)x — f^pr 1 - 

T2 (Acyclicity, cf. 4.2.4). % r (n)x is concentrated in [0, n], i.e., the q-th 
cohomology sheaf is zero unless < q < n. 

T3 (Purity, cf. 4.4.7). For a locally closed regular subscheme i : Z <^-> X of 
characteristic p and of codimension c(> 1), there is a Gysin isomorphism 

W r n n z y og [-n - c] r<„ +c itt ! X r (n) x m D b (Z 6t ,Z/p r Z). 

T4 (Compatibility, cf. 6.1.1). Let i y : y <^-> X and i x : x X be points on X 
with ch(x) = p, x G {y} and codimx(x) = codimx(y) + 1. Put c := codimx(a;). 
Then the connecting homomorphism 

R n+c ~H yit (Rv% r {n) x ) ► R n+ H x *{Ri l x 1 r {n) x ) 
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in localization theory (cf. (1.9.3) below) agrees with the (sheafified) boundary map 
of Galois cohomology groups due to Kato {cf. §1.8 below) 

R n - C+ \*H®?- C+1 (ch(y) = 0) 

up to a sign depending only on (ch(y),c), via Gysin isomorphisms. Here the 
Gysin map for i y with ch.(y) = is defined by the isomorphism t in Tl and 
Deligne's cycle class in R 2c ~ 2 i l y fip r c L . 

T5 (Product structure, cf. 4.2.6). There is a unique morphism 

T r (m) x ® L S r (n) x ► T r (m + n) x in D~(X 6t ,Z/p r Z) 

that extends the natural isomorphism //® r m <g> ~ fif r m+n on X[l/p\. 

If X is smooth over B, the object % r (n) x is already considered by Schneider [Sch], §7 (see also 
7.3.4 below). The properties T1-T3 and T5 are Z/p r Z-coefficient variants of the Beilinson- 
Lichtenbaum axioms on the conjectural etale motivic complex r(n) x [Be], [Li2], [Li3]. More 
precisely, Tl (resp. T2) corresponds to the axiom of Kummer theory for -T( n )v (resp. the 
acyclicity axiom for r(n) x ), and T3 is suggested by the purity axiom and the axiom of Kummer 
theory for T(n — c)f . Although T4 is not among the Beilinson-Lichtenbaum axioms, it is a 
natural property to be satisfied. We deal with this rather technical property for two reasons. 
One is that the pair (% r (n)x, t) (t is that in Tl) is characterized by the properties T2, T3 and 
T4 (see 1.3.5 below). The other is that we need T4 to prove the property T7 in the following 
functoriality result. 

Theorem 1.1.2. Let X be as in 1.1.1, and let Z be another scheme which is flat of finite type 
over B and for which the objects % r {n)z (n > 0,r > 1) are defined. Let f : Z — > X be a 
morphism of schemes and let ip : Z[l/p] — > X[l/p] be the induced morphism. Then: 

T6 (Contravariant functoriality, cf. 4.2.8). There is a unique morphism 

r% r (n) x ► %.{n) z in D b (Z 6t ,Z/fZ) 

that extends the natural isomorphism ip*ijS™ ~ //®" on Z[l/p\. 

T7 (Covariant funtoriality, cf. 7.1.1). Assume that f is proper, and put 
c := dim(X) — dim(Z). Then there is a unique morphism 

RU% r {n-c) z [-2c\ ► % r (n)x m D\X 6u Z/fZ) 

that extends the trace morphism i?^*/4f r n ~ c [— 2c] — > /i®™ on X[l/p\. 
Furthermore, these morphisms satisfy a projection formula (cf. 7.2.4 below). 
We will explain how we find % r .(n)x in §1.3 below. 

1.2. Arithmetic duality. We explain the second main result of this paper, the arithmetic 
duality for p-adic etale Tate twists. We assume that A is an algebraic integer ring, and that 
X is proper over B. Put V := X[l/p] and d := dim(X). For a scheme Z which is separated 
of finite type over B, let H*(Z, •) be the etale cohomology with compact support (cf. §10.2 
below). There is a well-known pairing 

W c (V,fx® n )xR™ +1 -%V,fi® d - n ) ► Z/p r Z, 



w o n ~ c 
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and it is a non-degenerate pairing of finite groups by the Artin-Verdier duality ([AV], [Ma], 
[Mi3], [De], [Sp]) and the relative Poincare duality for regular schemes ([SGA4], XVIII, [Th], 
[FG]). We extend this duality to a twisted duality for X with coefficients in the p-adic etale 
Tate twists. A key ingredient is a global trace map 

E. 2 c d+1 (X,Z r (d) x ) ► Z/p r Z, 

which is obtained from the trace morphism in T7 for the structural morphism X — > B and the 
classical global class field theory. See §10.2 below for details. The product structure T5 and 
the global trace map give rise to a pairing 

W C (X, Z r (n) x ) x Hlt +1 ~ q (X, %.(d - n) x ) > ZjfZ. (1.2.1) 

The second main result of this paper is the following: 

Theorem 1.2.2 (10.1.3). The pairing (1.2.1) is a non- degenerate pairing of finite groups for 
any q and n with < n < d. 

A crucial point of this duality result is the non- degeneracy of a pairing 

Hl t (A s ,T r (n)x E ) xR 2 Y d+1 - q (X,% r (d-n) x ) ► Z/p r Z, 

which is an extension of a duality result of Niziol [Ni] for crystalline local systems. Here £ 
denotes the set of the closed points on B of characteristic p, denotes U se s X x B B s with 
B s the henselization of B at s, and Y denotes Ix B E. To calculate this pairing, we will provide 
an explicit formula (cf. 8.3.8 below) for a pairing of etale sheaves of p-adic vanishing cycles. 

We state a consequence of Theorem 1.2.2. For an abelian group M, let M p _ t ors be the subgroup 
of p-primary torsion elements and let M p _ cot ors be the quotient of M p _ t0 rs by its maximal p- 
divisible subgroup. The following corollary is originally due to Cassels and Tate ([Ca], [Tal], 
3.2) in the case that the structural morphism X — > B has a section, and due to Saito [Sa2] in 
the general case. 

Corollary 1.2.3. Assume d = 2 and either p > 3 or A has no real places. Then Br(X) p _ cot ors 
is finite and carries a non- degenerate skew- symmetric bilinear form with values in Q p /Z p . In 
particular, if p > 3 then it is alternating and the order of Br(X) p _ cot ors is a square number. 

Indeed, by a Bockstein triangle (cf. §4.3) and a standard limit argument, Theorem 1.2.2 yields 
a non-degenerate pairing of cofinitely and finitely generated Z p -modules 

H^(X,T Qp/Zp (l))xH 5 -«(X,X Zp (l)) ► Q p /Z p , 

where H*(A, X Qp/Zp (l)) := lim r >i H| t (A, % r (l) x ) and H*(X, 2^(1)) := lim^ H| t (A, % r {l) x ). 
By the Kummer theory for G m (cf. 4.5.1 below), one can easily check that 

Br(X) p _ cotors ~ H? t (X, < T 00 (l)x)p-cotors — H? t (X, T Zp (l)x)p-tors- 

Hence the corollary follows from the same argument as for [Ur], 1.5 (cf. [Ta3]) and the fact 
that the bigraded algebra gi „>o H| t (A, % r (n)x) with respect to the cup product is anti- 
commutative in q. 
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1.3. Construction of % r (n)x- We explain how to find % r (n)x satisfying the properties in 
Theorem 1.1.1. Let Fclbe the divisor on X defined by the radical ideal of (p) C O x and 
let V be the complement X \ Y — X[l/p\. Let i and j be as follows: 

v —i-^ X Y. 

We start with necessary conditions for % r {n)x to exist. 

Lemma 1.3.1. Assume that there exists an object1 r (n)x G D b (X 6t ,Z/p r Z) satisfying T1-T4. 
For a point x G X, let i x be the natural map x <^-> X . Then: 

(1) There is an exact sequence of sheaves on 

R n J^T > e^vWffi^ > e xe y^ x *W r Kjo g , (1-3.2) 

where each arrow arises from the boundary maps of Galois cohomology groups. 

(2) There is a distinguished triangle in D b (X{. t , Z/p r Z) of the form 

L^i-n-l] -*-> %.(n) x r< n Rj^® n ^[-n]. (1-3.3) 

Here t' is induced by t in Tl and the acyclicity property in T2 ; and r<„ denotes the 
truncation at degree n. The object Vy"^ is an Stale sheaf on Y defined as the kernel of 
the second arrow in (1.3.2) (restricted onto Y), and the arrow crx,r(n) is induced by the 
exact sequence (1.3.2). 

The sheaf v Y ~ x agrees with W£Jl y 7o g ^ ^ ^ s smo °th. See §2.2 below for fundamental properties 
of v Y ~ x . Because this lemma is quite simple, we include a proof here. 

Proof There is a localization distinguished triangle (cf. (1.9.2) below) 

%{n) x Rj*3*%r{n)x Ri.Ri l %-(n) x [l] %{n)x[l\. 

By Tl, we have j*%.(n)x — j*^®™ via t. On the other hand, one can easily check 

T-< n (itt*itt ! X r (n)x[l]) ^ ^Y^l-n] 

by T3 and T4 (cf. (1.9.4) below). Because the map R n j*Hp r n — > ^y^ 1 °f cohomology sheaves 
induced by 8 1 ™ Z is compatible with Kato's boundary maps up to a sign (again by T4), the 
sequence (1.3.2) must be a complex and we obtain the morphism crx,r(n). Finally by T2, we 
obtain the triangle (1.3.3) by truncating and shifting the triangle (1.3.4) suitably. The exactness 
of (1.3.2) also follows from T2. Thus we obtain the lemma. □ 

We will prove the exactness of the sequence (1.3.2), independently of this lemma, in 3.2.4 and 
3.4.2 below. By this exactness, we are provided with the morphism crx,r{n) in (1.3.3), and 
it turns out that any object % r {n) x G D b (X 6t ,Z/p r Z) fitting into a distinguished triangle of 
the form (1.3.3) is concentrated in [0, n\. Because D b (X 6t ,Z/p r Z) is a triangulated category, 
there is at least one such % r {n)x- Moreover, an elementary homological algebra argument (cf. 
2.1.2 (3) below) shows that a triple (% r (n) x , t', g) fitting into (1.3.3) is unique up to a unique 
isomorphism (and that g is determined by (% r (n)x, t')). Thus there is a unique pair (% r (n)x, t') 
fitting into (1.3.3). Our task is to prove that this pair satisfies the listed properties, which will 
be carried out in §§4-7 below. As a consequence of Theorem 1.1.1 and Lemma 1.3.1, we obtain 

Theorem 1.3.5. The pair (% r (n)x,t) in 1.1.1 is the only pair that satisfies T2-T4 ; up to a 

unique isomorphism in D b (X^ t ,Z/p r Z). 
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1.4. Comparison with known objects. We mention relations between % r (n) x and other 
cohomology theories (or coefficients). Assume that A is local with residue field k and p > n + 2. 
If X is smooth over B, then L* r £ r (n)x is isomorphic to Re*S r (n), where S r (n) denotes the 
syntomic complex of Fontaine-Messing [FM] on the crystalline site (X r /W r ) CT \ s with X r := 
X®A-Ajp r A and W r := W r (k), and e denotes the natural continuous map (X r /W r ) cris — > (X r ) 6t 
of sites. This fact follows from a result of Kurihara [Ku] (cf. [Ka2]) and Lemma 1.3.1 (see also 
2.1.2 (3) below). The isomorphism t in Tl corresponds to the Fontaine- Messing morphism 
Re*S r (n) — > T< n L*Rj*fipr n . On the other hand, i* r £ r (n)x is not a log syntomic complex of 
Kato and Tsuji ([Ka5], [Tsl]) unless n > dim(X), because the latter object is isomorphic 
to T< n L*Rj*/j,®™ by a result of Tsuji [Ts2]. Therefore % r (n) x is a new object particularly on 
semistable families. 

We turn to the setting in §1.1, and mention what can be hoped for % r (n)x in comparison with 
the etale sheafification Z{n) x and the Zariski sheafification Z(n)^ ar of Bloch's cycle complex 
([B12], [Lei]). By works of Levine ([Lei], [Le2]), these two objects are strong candidates for the 
motivic complexes r(n)x and r"(n)^ ar , respectively So Theorem 1.3.5 leads us to the following: 

Conjecture 1.4.1. (1) There is an isomorphism in D b (X^, t ,Z/p r Z) 

Z(n)f ® L Z/p r Z — =-> % r (n) x - 

(2) Let e be the natural continuous map X& — > Xz ar of sites. Then the isomorphism in (1) 
induces an isomorphism in D h {Xiw, Z/p r Z) 

Z(n)| ar ® L Z/p r Z — T< n Re*Z r (n) x . 

The case n = is obvious, because X r (0)x = Z/p r Z (by definition). The case n = 1 holds by 
the Kummer theory for G m (cf. 4.5.1 below) and the isomorphisms 

Z(l)| ~ G m [-1], Z(l)| ar ~ e,G m [-l] (Levine, [Le2], 11.2), 

R 1 e*G m = (Hilbert's theorem 90). 

As for n > 2, by results of Geisser ([Ge], 1.2 (2), (4), 1.3), Conjecture 1.4.1 holds if X/B is 
smooth, under the Bloch-Kato conjecture on Galois symbol maps [BK], §5. A key step in his 
proof is to show that Z(n)^ ar ® L Z/p r Z is concentrated in degrees < n. We have nothing to say 
about this problem for the general case in this paper. 

1.5. Guide for the readers. This paper is organized as follows. In §2, we will review some 
preliminary facts from homological algebra and results in [Sat], which will be used frequently 
in this paper. In §3, which is the technical heart of this paper, we will provide preliminary 
results on etale sheaves of p-adic vanishing cycles (cf. Theorem 3.4.2, Corollary 3.5.2) using 
the Bloch-Kato-Hyodo theorem (Theorem 3.3.7). In §4, we will define p-adic etale Tate twists 
in a slightly more general situation and prove fundamental properties including the product 
structure T5, the contravariant functoriality T6, the purity property T3 and the Kummer 
theory for G m . In §§5-6, we are concerned with the compatibility property T4. Using this 
property, we will prove the covariant functoriality T7 and a projection formula in §7. In §§8 
10, we will study pairings of p-adic vanishing cycles and prove Theorem 1.2.2. The appendix A 
due to Kei Hagihara includes a proof of a semi-purity of the etale sheaves of p-adic vanishing 
cycles (cf. Theorem A. 2. 6 below), which plays an important role in this paper. He applies his 
semi-purity result to the coniveau filtration on etale cohomology groups of varieties over p-adic 
fields (cf. Theorems A. 1.4, A. 1.5 and Corollary A. 1.9 below). 
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Notation and conventions 

1.6. For an abelian group M and a positive integer n, n M and M/n denote the kernel and the 
cokernel of the map M ^> M, respectively. For a field k, k denotes a fixed separable closure, 
and Gk denotes the absolute Galois group Gsl{k/k). For a discrete G^-module M, H*(k,M) 
denote the Galois cohomology groups R* Gal (G k , M), which are the same as the etale cohomology 
groups of Spec(k) with coefficients in the etale sheaf associated with M. 

1.7. Unless indicated otherwise, all cohomology groups of schemes are taken over the etale 
topology. We fix some general notation for a scheme X. For a point x G X, k(x) denotes its 
residue field and x denotes Spec(«(:r)). If X has pure dimension, then for a non-negative integer 
q, X q denotes the set of all points on X of codimension q. For an etale sheaf A of commutative 
rings on X, we write D(X 6t ,A) for the derived category of etale A-modules on X (cf. [Hal], 
I, [BBD], §1). We write D + (X^ t) A) for the full subcategory of D(X 6t ,A) consisting of objects 
coming from complexes of etale A-modules bounded below. For x G X and the natural map 
i x : x <^-> X, we define the functor Ri x : D + (X^ t ,A) — > D + (x^ t ,A) as £*R(p l , where (p denotes 
the closed immersion {x} X and £ denotes the natural map x <^-> {x}. If £ is of finite type, 
then Ri x is right adjoint to Ri x *, but otherwise it is not. If x is a generic point of X, Ri x agrees 
with i*. For T G D + {X 6t , A), we often write H*(X, T) for R* x {Spec{O x , x ), f )- 

1.8. We fix some notation of arithmetic objects defined for a scheme X. For a positive integer 
m invertible on X, fi m denotes the etale sheaf of m-th roots of unity. If X is a smooth variety 
over a perfect field of positive characteristic p > 0, then for integers r > 1 and q > 0, W r Q q xlog 
denotes the etale subsheaf of the logarithmic part of the Hodge- Witt sheaf H^fi^ ([Bll], [111]). 
For q < 0, we define W r Q 9 xlog as the zero sheaf. For a noetherian excellent scheme X (all 
schemes in this paper are of this kind), we will use the following notation. Let y and x be 
points on X such that x has codimension 1 in the closure {y} C X. Let p be a prime number, 
and let i and n be non-negative integers. In [KCT], §1, Kato defined the boundary maps 

ff +1 (y,/i®" +1 ) — H*(x,^) (if ch(x)^p), 

H°(y, W^+y — H°(x, W r ni log ) (if ch(y) = ch(x) = p), 

W l+ \y, — H°(x, lU r fi« log ) (if ch(y) = and ch(x) = p). 

We write for these maps. See (3.2.3) for the construction of the last map. 

1.9. Let X be a scheme, let i : Z X be a closed immersion, and let j : [/ X be the open 
complement X\Z. Let m be a non-negative integer. For /C G D + (X 6t ,Z/mZ), we define the 
morphism 

<^ C Z (/C) : i?j*j*/C ► /C[l] in D+(X 6t ,Z/mZ) 

as the connecting morphism associated with the semi-splitting short exact sequence of com- 
plexes -> ^rf -> ([SGA4i], Cate gories Derivees, 1.1.2.4), where /• is an 
injective resolution of /C. The morphism S^u^JC) is functorial in /C, and 

%WM = (-l) 9 -%(/C[g]) (1.9.1) 
for an integer q. Note also that the triangle 
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is distinguished in D + (X &tl Z/mZ), where the arrow (resp. j*) denotes the adjunction map 
Ri*Rv — > id (resp. id — > Rj*j*). We generalize the above connecting morphism to the following 
situation. Let y and x be points on X such that x has codimension 1 in the closure {y} C X. 
Put T := {y} C X and S* := Spec((9T,x), and let %t (resp. i y , i x , ip) be the natural map T ^ X 
(resp. y X, x X, S T). Then for /C G /} + (X,;t, Z/mZ), we define 

<?j£(/C) := Ri T *RM^y, C x(^*RiW} ■ Riy*Riy£ ► i^i^/qi] (1.9.3) 

(ift^ and Ri x were defined in §1.6), which is a morphism in D + (X,§t, Z/mZ). These connecting 
morphisms for all points on X give rise to a local-global spectral sequence of sheaves on X<s t 

ET = e^x- R u+v iUKK) ft" + "(/C). 
For a closed immersion % : Z X, there is a localized variant 

ET = xe x"nz R u+v iUK^) **R u+v r!C. (1.9.4) 

1.10. Let k be a field, and let X be a pure-dimensional scheme which is of finite type over 
Spec(A;). We call X a normal crossing scheme over Spec(fc), if it is everywhere etale locally 
isomorphic to 

Spec(fc[7o,7i, • • • ,7jv]/(7o7i • • -T a )) 
for some integer a with < a < N = dim(X). This condition is equivalent to the assumption 
that X is everywhere etale locally embedded into a smooth variety over Spec(A;) as a normal 
crossing divisor. 

1.11. Let A be a discrete valuation ring, and let K (resp. k) be the fraction field (resp. residue 
field) of A. Let X be a pure-dimensional scheme which is flat of finite type over Spec(A). We 
call X a regular semistable family over Spec(A), if it is regular and everywhere etale locally 
isomorphic to 

Spec(A[T , 71 ... , T N \/ (T Ti ■ ■ ■ T a - vr)) 

for some integer a with < a < N = dim(X/A), where 7r denotes a prime element of A. This 
condition is equivalent to the assumption that X is regular, X 0^ K is smooth over Spec(ii'), 
and X ®a k is reduced and a normal crossing divisor on X. If X is a regular semistable family 
over Spec(A), then the closed fiber X ®a & is a normal crossing scheme over Spec(/c). 



2. Preliminaries 



In this section we review some fundamental facts on homological algebra and results of the 
author in [Sat], which will be used frequently in this paper. 

2.1. Elementary facts from homological algebra. Let A be an abelian category with 
enough injective objects, and let D(A) be the derived category of complexes of objects of A. 

Lemma 2.1.1. Let m and q be integers. Let JC be an object of D(A) concentrated in degrees 
< m and let KJ be an object of D(A) concentrated in degrees > 0. Then we have 

[0 (if q > m), 

where for n G Z and C G D(A), H n (C) denotes the n-th cohomology object of C. 
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Proof. By the assumption that A has enough injectives, the left hand side is written as the 
group of morphisms in the homotopy category of complexes of objects of A ([SGA4|], Categories 
Derivees, II, 2.3 (4)). The assertion follows from this fact. □ 

Lemma 2.1.2. Let Mi M 2 A3 Ai[l] be a distinguished triangle in D(A). 

(1) Let i : /C — > A2 be a morphism with goi = and suppose that U.om D ^(K,, A/^— 1]) = 0. 
Then there exists a unique morphism %' : JC — > Ai t/iat i factors through. 

(2) Let p : A2 ^ IC be a morphism with p o / = and suppose that HoniD(.4)(Ai[l], /C) = 0. 
Then there exists a unique morphism p' : A3 — > /C t/iat p factors through. 

(3) Suppose that Homo(^)(A/2, A/i) = (resp. Horri£)(^)(A3, A2) = 0). T/ien relatively to a 
fixed triple (A/i, A3, /i), £/ie ot/ier £hpZe (A2, /, (?) is unique up to a unique isomorphism, 
and f (resp. g) is determined by the pair (A/2,5) (resp. (A2, /)). 

Proof. These claims follow from the same arguments as in [BBD], 1.1.9. The details are straight- 
forward and left to the reader. □ 

2.2. Logarithmic Hodge-Witt sheaves. Throughout this subsection, n denotes a non- 
negative integer and r denotes a positive integer. Let A; be a perfect field of positive char- 
acteristic p. Let X be a pure-dimensional scheme of finite type over Spec(fc). For a point 
x E X, let i x be the canonical map x » X. We define the etale sheaves v Xr and \ n Xr on X as 



v\ r := Ker (® xeX o i„W r ^ ^ © x6 *i i x ,W r ^ \ 

\\ r := Im ((G m , x r ^ 0.^0 ^W^, log ) , 

where <9 val denotes the sum of <9^'s with y G X° and x G X 1 (cf. §1.8). By definition, \ Xr is 
a subsheaf of v\ . If X is smooth, then both v\ and agree with the sheaf W r Vl xlog . See 
also Remark 3.3.8 (4) below. 

We define the Gysin morphism for logarithmic Hodge- Witt sheaves as follows. We define the 
complex of sheaves C*(X,n) on X 6t to be 



(-ir-'-d m WQ n- q (-ir-'-d 



Here the first term is placed in degree and d denotes the sum of sheafified variants of <9™i's 
with y G X q and x G X 9+1 (cf. §1.8). The fact d o d = is due to Kato ([KCT], 1.7). If X is a 
normal crossing scheme, this complex is quasi-isomorphic to the sheaf v\ by [Sat], 2.2.5 (1). 

Definition 2.2.1 (cf. loc. cit. , 2.4.1). Let X be a normal crossing scheme over Spec(/c) and let 
i : Z <^-> X fre a closed immersion of pure codimension c > 0. PFe define the Gysin morphism 

Gys™ : ^; c [-c] ► i?rz4 ir in D b (Z 6t ,Z/p r Z) 

as the adjoint morphism of the composite morphism in D b {X^ tl r L/p r X) 

^z7l-c] ► i.C;(Z,n-c)[-c] > C?,(X,n) ^— *4 >r , 

where the second arrow is the natural inclusion of complexes. See also Remark 2.2.6 below. 

Theorem 2.2.2 (Purity, loc. cit., 2.4.2). Fori : Z ^ X as in Definition 2.2.1, Gys" induces 
an isomorphism r< c (Gys") : v r ^ c \— c] — ^ T< c Riv Xr . 
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We next state the duality result in loc. cit. For integers m,n > 0, there is a natural biadditive 
pairing of sheaves 

"X,r >< ^X,r > "xT (2-2.3) 

induced by the corresponding pairing on the generic points of X (cf. loc. cit., 3.1.1). 

Theorem 2.2.4 (Duality, loc. cit., 1.2.2). Let k be a finite field, and let X be a normal crossing 
scheme of dimension N which is proper over Spec(k). Then: 

(1) There is a trace map tr x '■ E N+1 (X , r ) — > Z/p r Z such that for an arbitrary closed 
point x G X the composite map 

E\x,Z/p r Z) E N+ \X,ul r ) -^U Z/p r Z 

coincides with the trace map of x, i.e., the map that sends a continuous character of 
G K (x) to its value at the Frobenius substitution. Furthermore tlx is bijective if X is 
connected. 

(2) For integers q and n with < n < N, the natural pairing 

H«(X,v% tr ) x R N+1 ~ q (X, \x~ r n ) E N+1 (X,ul r ) Z/p r Z (2.2.5) 

is a non- degenerate pairing of finite 'L/p 1 "L-modules. 
We will give the definition of tv x in Remark 2.2.6 (4) below. 

Remark 2.2.6. We summarize the properties of the Gysin morphisms and the trace morphisms, 
which will be used in this paper. 

(1) The Gysin morphisms defined in Definition 2.2.1 satisfy the transitivity property. 

(2) Fori : Z <^-> X as in Definition 2.2.1, Gys™ agrees with the Gysin morphism considered 
in [Sat], 2.4.1, up to a sign of (— l) c . In particular if X and Z are smooth, then Gys™ 
agrees with the Gysin morphism W r Q r ^ g [— c] — > RvW r VL XXog of Gros ([Gs], II. 1) up to 
the sign (— l) c by [Sat], 2.3.1. This fact will be used in Lemma 6.4.1 below. 

(3) Let X and Z be normal crossing schemes over Spec(/c) of dimension N and d, respec- 
tively, and let f : Z — > X be a separated morphism of schemes. We define the morphism 

tv f : Rfn4 tr [d\ ► v$ tr [N] in D b (X 6u Z/p r Z) 

by applying the same arguments as for [JSS], Theorem 2.9 to the complexes C'(Z,d)[d] 
and C'(X, N)[N]. Then try agrees with that in loc. cit., Theorem 2.9 up to the sign 
(—l) N ~ d . In particular if X and Z are smooth and f is proper, then tr/ agrees with the 
Gysin morphism Rf\W r VL d z log [d] — > W r fix log [ N] due to Gros ([Gs], II. 1) up to the sign 
(-l) N - d . ' 

(4) We define the trace map Xxx in Theorem 2.2.4 (1) as the map induced by trj for f : 
X — > Spec(/c) and the trace map ofSpec(k). The map tr x agrees with (— 1) N -times of 
the trace morphism constructed in loc. cit., §3.4. 

3. Boundary maps on the sheaves of p-adic vanishing cycles 

This section is devoted to technical preparations on the etale sheaves of p-adic vanishing cy- 
cles. The main results of this section are Theorem 3.4.2 and Corollary 3.5.2 below. Throughout 
this section, n and r denote integers with n > and r > 1. 
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3.1. Milnor ^-groups and boundary maps. We prepare some notation on Milnor K- 
groups. Let R be a commutative ring with unity. We define the 0-th Milnor JT-group K^(R) 
as Z. For n > 1, we define the n-th Milnor K-group K^f(R) as (i? x )® n /J, where J denotes the 
subgroup of (i? x )® n generated by elements of the form x\ <g) • • • <g) x n with X{ + Xj = or 1 for 
some 1 < i < j < n. An element x± <g> ■ ■ • <g> x n mod J will be denoted by {x±, . . . , x n }. Now let 
L be a field endowed with a discrete valuation v. Let O v be the valuation ring with respect to 
v , and let F v be its residue field. Fix a prime element tt v of Ot,. We define the homomorphism 

(resp. sp^ : K^f(L) > K^f(F v )) 

by the assignment 

{tt v ,Xi, . . . ,x n _i} h-> {xT,...,^TT} (resp. 0) 

{xi, . . . , x n } h-> (resp. {x~[, . . . , x^}) 

with each Xi G O* (cf. [BT], 1.4.3). Here for x G O x , x denotes its residue class in F*. The map 
is called the boundary map of Milnor K-groups, and depends only on the valuation ideal 
p v C O v . We will denote d^f v by d^. On the other hand, the specialization map sp nv depends on 
the choice of n v , and its restriction to Ker(<9^) C K^f(L) depends only on p v . Indeed, Ker(<9^) 

is generated by the image of (O x )® n and symbols of the form {1 + Cb j Ob . . . . j Ob yi \ } with a G p v 

and each Xi G L x . 

3.2. Boundary map in a geometric setting. Let p be a prime number. Let K be a henselian 
discrete valuation field of characteristic whose residue field k has characteristic p. Let Ok be 
the integer ring of K. Let X be a regular semistable family over Spec(O^) of pure dimension 
(cf. §1.11), or more generally, a scheme over Spec(0 K ) satisfying the following condition: 

Condition 3.2.1. There exist a discrete valuation subring O' C Ok with Ok/O' finite and a 
pure- dimensional regular semistable family X' over Spec(O') with X ~ X' <S>o' Ok- 

Later in §3.4 and §3.5 below, the extension Ok/O' will be assumed to be unramified or tamely 
ramified. Let Y be the reduced divisor on X defined by a prime element n G Ok, and let i and 
j be as follows: 

X K — X Y. 
In this section, we are concerned with the etale sheaf 

M r n := L*R n j*n® n 
on Y and the composite map of etale sheaves 

d\ r : M r ™ ► ® yeY0 i y J* y M? © yey0 t y M^ n y J \- (3-2-2) 

Here for a point y e Y, i y denotes the canonical map y ^ Y. For each y £ Y° the second 
arrow <9 val is defined as follows: 

(t;M-) f ^K^(0%[l/p])/f K^m/f + Wffi^, (3-2.3) 

where denotes the maximal ideal of the discrete valuation ring Of ^. The first isomorphism 
is due to Bloch-Kato [BK], (5.12), and the arrow denotes the boundary map of Milnor 
if-groups. We first show the following fundamental fact: 
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Lemma 3.2.4. The image of d Xr is contained in v Yr . See §2.2 for the definition of v Y 
Proof. For x G Xk, let i x be the natural map x X. Consider a diagram on Y$ t 



9i 



Here a denotes the canonical adjunction map and each di (i — 1, . . . , 4) is the sum of sheafified 
variants of boundary maps in §1.8. The right square is anti-commutative by a result of Kato 
[KCT], 1.7. The upper row is a complex by the smoothness of X K . The lower row is exact by 
the definition of v Y ~J~ ■ Hence we have Im(d£ r ) = Im(<9i o a) C v Y ~ l . □ 

By this lemma, d\ r induces a map 

o\ r : M r « ► v Y -\ (3.2.5) 

which is a geometric version of the boundary map of Milnor i^-groups (modulo p r ). 

3.3. Bloch-Kato-Hyodo theorem. We give a brief review of the Bloch-Kato-Hyodo theorem 
on the structure of M™, which will be useful in this and later sections. See also Remark 3.3.8 
below. We define the etale sheaf ^n,x K /Y 011 ^ as i L * j*Ox K )® n / J ■> where J denotes the subsheaf 
generated by local sections of the form x\ <S> • • • £g> x n (x, G i>*j*O x ) with Xj + Xj = or 1 for 
some 1 < % < j < n. There is a natural map due to Bloch and Kato [BK], (1.2) 

Kx K /v > M r, (3.3.1) 

which is a geometric version of Tate's Galois symbol map. We define the nitrations U' and V* 
on M™ using this map, as follows. 

Definition 3.3.2. (1) Let n be a prime element of Ok- Let U Xk be the full sheaf t*j*0 XK ■ 
For q > 1, let U Xk be the Stale subsheaf of i*3*0 Xk generated by local sections of the 
form 1 + n q ■ a with a G i*Ox- We define the subsheaf U q K-n,x K /Y (Q — 0) °J '^n,x K /Y 
as the part generated by U Xk ® {t*j*0 XK j®"" 1 . 
(2) We define the subsheaf U q M r r l (q > 0) of M? as the image ofU q K,™ XK/Y under (3.3.1). 
We define the subsheaf V q M™ (q > 0) of M™ as the part generated by U q+l M? and the 
image of U q lC^_ 1XK , Y (g) (it) under (3.3.1). 

Remark 3.3.3. (1) U'JC^ Xk / y and U'M™ are independent of the choice of n G K by 
definition. 

(2) V°M™ and V*M™ are independent of the choice of it G Ok by Theorem 3.3.7 below. 

To describe the graded pieces gr q u/v M? := U q M?/V q M? and gr q v/u M? := V q M?/U q+1 M? 
(especially in the case where Y is not smooth), we introduce some notation from log geometry 
in etale topology See [Ka3] for the general framework of log schemes in the Zariski topology. 
See also e.g., [KF], §2 and §3 for the corresponding framework in the etale topology. For a 
regular scheme Z and a normal crossing divisor D on Z, we define the etale sheaf £z(D) of 
pointed sets on Z as 

C Z (D) : = {/ G O z ; f is invertible outside of D} C O z . 
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We regard this sheaf as a sheaf of monoids by the multiplication of functions. The natural 
inclusion C Z (D) O z gives a log structure on Z, and the associated sheaf C z (D) gp of abelian 
groups is etale locally generated by O z and primes of O z defining irreducible components of 
D. Now we return to our situation. Put B := Spec(0^) and s := Spec(/c), and let C s be the 
inverse image of C B '■= C-b(s) onto s<s t i n the sense of log structures. We define the log structure 
C Y on Y 6t as follows. By 3.2.1, there exist a discrete valuation subring O' C K and a regular 
semistable family over B' := Spec(O') such that Ok/O' is finite totally ramified and such that 
X' <S>o' Ok — X. Note that Y is a normal crossing divisor on X' . We fix such a pair (O f ,X f ) 
and define the log structure Cx on X& as that obtained from Cx>(Y) by base-change (in the 
category of log schemes): 

(X,C X ) := (X',C X ,(Y)) x (b , )JCb , W) (B,C b ). 

Finally we define Cy as the inverse image of Cx onto in the sense of log structures. Let us 
recall the following fundamental facts: 

• The log scheme (X f , C X >(Y)) (resp. (X, Cx), (X, Cy)) is smooth over the log scheme 
(B', C B '(s)) (resp. (B,C B ), (s, C s )) with respect to the natural map induced by the 
structure map X' — > B' . 

• The relative differential modules c Y )/( s c s ) on are locally free Oy-modules of finite 
rank and coincide with the modified differential modules oj y defined in [Hyl]. 

• There is a natural surjective homomorphism 

l*UO Xk * > C$ (3.3.4) 

of sheaves of abelian groups on Y 6t (see [Tsl], (3.2.1) for the first isomorphism). 
Let us recall further some facts relating log structures and differential modules. 

• By the definition of ^}y > c y )/(s,c 3 ) = u yj there is a natural map taking the logarithmic 
differentials of local sections of C Y : 

dhg : Cf > UJ Y . (3.3.5) 

• There is an analogous map for each n > and r > 

rflog : > ® yeY0 iyWKiog- (3-3.6) 

The modified logarithmic Hodge- Witt sheaf W r io Y ^ og defined by Hyodo ([Hyl], (1.5)) 
agrees with the image of this map. See also Remark 3.3.8 (4) below. 

Now we state the theorems of Bloch-Kato [BK], (1.4) and Hyodo [Hyl], (1.6). For local sections 
Xi G t*j*0 XK (1 < i < n), we will denote the image of {xi,X2, ■ ■ ■ ,x n } G JC^ Xk ^ y under the 
symbol map (3.3.1) again by {x±,X2, ■ ■ ■ ,x n }, for simplicity. 

Theorem 3.3.7 (Bloch-Kato/Hyodo). (1) The symbol map (3.3.1) is surjective, that is, 
the subsheafU°M™ is the full sheaf M™ for any n > and r > 0. 
(2) There are isomorphisms 

gr^ /y M™ ~ W r u Y ^ og , {x 1 ,x 2 , • • • , x n } mod F°M r n i-> dlog(x^ <g> x^ ® • • • ® x£), 

gr° v/u M? ~ W r uj Y ^ g , {x!,..., x n _i, tt} mod U^M? i-> d\og(xl ® ■ ■ ■ ® x~[), 

where for x G i*j*0 XK , x denotes its image into C Y via (3.3.4). 
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(3) Let e be the absolute ramification index of K , and let r — 1. Then for q with 1 < q < 
e' := pe/(p — 1), there are isomorphisms 



„ r <l Turn ^ J~r ' ~< 
r-1 A/rn r*j , , n ~ 2 1 71- 2 



{1 + ir q a, xi, . . . , x n _i} mod V q M™ 



(p\q), 

gr q v/u M?~ u^VZy' 
given by the following, respectively: 

a ■ dlog(xT) A • • • A dlog(x n _i) mod By^ 1 (pj(q) 

a ■ dlog(xi) A • • • A dlog(x n _i) mod Z y ~ x (p\q) 
{1 + 7r q a, xi,..., x„_2, tt} mod f/ 9+1 Mf i-> a ■ (flog(xT) A • • • A dlog(x„_ 2 ) mod Z Y ~ 2 , 

where B Y (resp. Z™) denotes the image of d : Uy^ 1 — > ujy {resp. the kernel of d : w™ — > 
ujy +l ), a denotes a local section of Ox and a denotes its residue class in Oy . 
(4) We have U q M™ = V q M? = for any q > e' . 

Remark 3.3.8. (1) By Theorem 3.3.7 (1) and (2), the natural adjunction map 

M?/U l M? ► 0^ Y o iyJKMf/^M?) (3.3.9) 

is injective. We will use this injectivity to calculate the kernel of the map a\ r defined 
in (3.2.5). See the proof of Theorem 3.4.2 below. 

(2) IfY is smooth over s = Spec(A;) ; then we have W r Uy log = W r Vly log and ujy = VL Y = 
Qy/ k , and the isomorphisms in Theorem 3.3.7 (2) yield the direct decomposition 

M?/U l M? ~ W r Ql log © W r Q Y ^ g (3.3.10) 

(c/. [BK], (1.4.1.i)). By this decomposition, it is easy to see that the kernel of a\ r is 
generated by U X M^ and the image of (i*O x )® n under (3.3.1). In the next subsection, 
we will extend the last fact to the regular semistable case, although the decomposition 
(3.3.10) does not hold any longer in that case. 

(3) Theorem 3.3.7 (3) and (4) will be used in later sections. 

(4) There are inclusions of etale sheaves (c/. [Sat], 4.2.1) 

These inclusions are not equalities, in general (cf. loc. cit., 4.2.3). If n = dim(y), then 
we have W r u Y ^ og = v Yr by loc. cit., 1.3.2. 

3.4. Structure of Ker(a Xr ). We define the etale subsheaf FM" of M™ as the part generated 
by U X M™ and the image of (i*O x )® n under (3.3.1). In the rest of this section, we are concerned 
with the map a Xr in (3.2.5) and the filtration 

C XJ X M™ C FM" C M™. 

Remark 3.4.1. Clearly, FM™ is contained in the kernel of a Xr . 

The main result of this section is the following theorem, which plays an important role in later 
sections (see also Corollary 3.5.2 below): 
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Theorem 3.4.2. Suppose that X is a regular semistable family over Spec(Ox)- Then a Xr 
induces an isomorphism 

M?/FM? — Vy -\ (3.4.3) 

that surjective and FM™ = Ker(a^ r ). Furthermore there is an isomorphism 

FM^jXJ l M^ — \\ r (3.4.4) 

sending the symbol {x±,x 2 , ■ ■ ■ ,x n } (x, G t'O^) to Gflog(xi ® <g> • • • ® x^). Here for a section 
x G l*O x , x denotes its residue class in O y . See §2.2 for the definition of \ Yr - 

Remark 3.4.5. Theorem 3.4.2 is not included in Theorem 3.3.7 unless X is smooth over Ox- 
See also Remark 3.3.8 (2). In fact, V°M™ is not related to FM™ directly. However, Theorem 
3.3.7 (1) and (2) play a key role in the proof of Theorem 3.4.2 as the injectivity of (3.3.9). 

We first prove the following lemma, which is an essential step in the proof of Theorem 3.4.2: 

Lemma 3.4.6. Let 

t : Ker(o-\ r )/U l M™ ► @ y&0 i^Wf^ 

be the natural map induced by the first map in (3.2.2) and an exact sequence 

o — ► ® yeY o vw^iog — - e, ey o iyjKM^/u'M?) e yey() 

(cf. Remark 3.3.8 (2), see (3.2.2) for <9 val ). Then t is injective, and Im(r) is contained in X Yr . 

Proof. The injectivity of r immediately follows from that of (3.3.9). We prove that Im(r) is 
contained in X Yr . Since the problem is etale local on 7, we may assume that Y has simple 
normal crossings on X. For y G Y°, let Y y be the irreducible component of Y whose generic 
point is y. For x G Y, let i x be the canonical map x <^-> Y. Let Y^ (resp. Y^) be the disjoint 
union of irreducible components of Y (resp. the disjoint union of intersections of two distinct 
irreducible components of Y), and let Oj : Y^ — > Y (i — 1,2) be the natural map. Fix an 
ordering on the set V°. There is a Cech restriction map f : ai*W£fi y(1) j — > a 2if W r VL Y{2) log , and 
its kernel agrees with A yr by [Sat], 3.2.1. Our task is to prove the following two claims: 

(1) For arbitrary points y G F° and x G (Yy) 1 , the composite map 

a y , x : KerK >r ) — ^ v^ log i^fl^ 

zero, where r y denotes the natural map induced by r. Consequently, r induces a map 
r':KeT(al r )^a 1 ,W r ^ Y(1)log . 

(2) The following composite map is zero: 

(3 : Ker(<r£ )r ) — ai*VK^ y( i )log — a 2 *W^™ (2)jlog . 

Proof of Claim (1). It suffices to show that the stalk (a ytX ) x is the zero map. Let F sing be the 
singular locus of Y. The case x £ (Y sing )° immediately follows from the direct decomposition 
(3.3.10). To show the case x G (l^ing) , we fix some notation. Put R := Ox x , which is a strict 
henselian regular local ring of dimension 2. Let T\ and T 2 be the irreducible components of 
Spec(Oy^). We suppose that 7\ lies above Y y . Fix a prime element U G R (i = 1,2) defining 
Tj. Put Wi := ti mod (t 2 ) G R/{t 2 ) and u> 2 := t 2 mod (ti) G R/(t\). Because the divisor 
Ti U T 2 C Spec(i?) has simple normal crossings, R/{t\) and R/{t 2 ) are discrete valuation rings 
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and Wi (resp. w 2 ) is a prime element in R/(t 2 ) (resp. R/(ti)). Let r]i (i 
point of Tj. There is a commutative diagram with exact rows 

a 



1,2) be the generic 



Ker(d) 



Ker(<7£ jr )* 



K*f(R[l/p])/iT 

(3.3.1)j 



dlog 



(3.4.7) 



Here <9 is the direct sum of the boundary maps of Milnor i^-groups modulo p r , and y' denotes 
the generic point of Y corresponding to T 2 . In this diagram, the right vertical arrow is bijective 
by a theorem of Bloch-Gabber-Kato [BK], (2.1), and the central vertical map is surjective by 
Theorem 3.3.7 (1). Hence the left vertical map, resulting from the right square, is surjective. 
On the other hand, there is a composite map 



K™(Fr&c(R))/p r 



sp tl 



K^(K( Vl ))/p r . (3.4.8) 



See §3.1 for sp tl . The restriction of this map to Ker(<9) fits into a commutative diagram 

BPtLHIl/pjlKerCS) 



Ker(d) 



surj. 



Ker(cr 



n \ 
X,r)x 



d\og 



df 1 , 

O2) , 



fflval \_ 
\ w y,x )x 



K™Mx))/f 

dlog 

w o n_1 



(3.4.9) 



where the composite of the lower row gives (a yiX )x- The composite of the upper row is the zero 
map by a commutative diagram of Milnor K-groups modulo p r 



K™(R[l/ P ])/f 

B Pti,fl[i/ P ] 



qM 



qM 
(«"2) 



(3.4.10) 



KtMx))lf, 



whose commutativity is shown explicitly by the direct decomposition R[l/p] x ~ R x x (ti) x (t 2 ). 
Hence (a^^ is the zero map by the diagram (3.4.9), and we obtain the claim (1). 

Proof of Claim (2). Let Z be a connected component of Y^ 2 \ Let Y 1 and Y" 2 be the irreducible 
components of Y such that a 2 (Z) C Y"i H F 2 . Our task is to show that the composite map 



/3 Z : Ker(al ;r 



n,io g 



WM 



Y 2 ,log) 



log 



is zero, where the last map sends (uji,uj 2 ) (ui G a^WrVLy- i og ) to — lo 2 \z- Let x be the 
generic point of a 2 (Z). Since the canonical map a 2 *H£f2^ log — > i x ^W r Q^ lo& is injective, we have 
only to show that the stalk (Pz)x is zero. Put R := Ox^, and let the notation be as in the 
proof of Claim (1). Suppose that Tj (i = 1, 2) is the irreducible component of Spec((9y^) lying 
above Y t . Let N t (i = 1, 2) be the kernel of the boundary map (re(?7i))/p r -> K™_ 1 (K(x))/p r . 
By the commutative diagram (3.4.10), sp^ ^/pj in (3.4.8) induces a map 

fi ■ Ker(9) ► JVj. 



p-ADIC ETALE TATE TWISTS 

See (3.4.7) for d. This map fits into a commutative diagram 
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Ker(<9) 



(A, /a) 



surj. 



iVi ©iV 2 

cflog 



/3 



Ti,log 



T 2 ,log^ 



cilog 



(3.4.11) 



where f 3 sends (1x1,1x2) ( M i £ AT*) to sp u , 2 (-u 1 ) — sp^i^)- See (3.4.7) for the left vertical map. 
The composite of the lower row gives (f3z)x- The composite of the upper row is zero by a 
commutative diagram 

SPt 2 ,H[l/p] 



K™{R[1/P\)lf 

BP tl ,H[l/p] 



sp 



w 2 



K^{k{x))/ P \ 



whose commutativity is checked in the same way as for (3.4.10). Thus (@z)x is the zero map, 
and we obtain the claim (2) and Lemma 3.4.6. □ 

Proof of Theorem 3.4-2. The surjectivity of (3.4.3) follows from the same argument as for [Sat], 
2.4.6 (see the surjectivity of the map (2.4.9) in loc. cit.). We prove the injectivity of (3.4.3) 
and construct the bijection (3.4.4). There are injective maps 



FMf: /\J x M'f Ker(a^ r )/f/ 1 M, ra ^ A 



Y,r 



(see Lemma 3.4.6 for r). These two arrows are both bijective, because the sheaves FM™/U l M™ 
and X Yr are generated by symbols from (t*Ox)® n and (0 Y )® n , respectively. Therefore we have 
FM" = Ker(a Xr ) as subsheaves of M™ and the composite of the above two maps gives the 
desired bijective map (3.4.4). This completes the proof of Theorem 3.4.2. 



3.5. Tamely ramified case. Assume that X satisfies the following condition over K : 

Condition 3.5.1. There exist a discrete valuation subring O' C Ok with Ok/O' finite tamely 
ramified and a regular semistable family X' over O' with X ~ X' ® Q ' Ok- 

Let Y and M™ (resp. U l M?, FM") be as we defined in §3.2 (resp. §3.3, §3.4). By Theorems 
3.3.7 and 3.4.2, we obtain 

Corollary 3.5.2. The map ffj r induces an isomorphism M™/FM™ ~ v Yr ^ , and there is an 
isomorphism FM™ /U l M™ ~ \ Yr described in the same way as (3.4.4). 

Proof. The second assertion is an immediate consequence of Remark 3.3.8 (1) for X and the 
definitions of FM" and X Yr (cf. Lemma 3.4.6). We prove the first assertion. Since the problem 
is etale local on Y, we may assume that Ok/O' is totally tamely ramified. Then the divisor 
on X' defined by a prime element n' G O' agrees with Y. Let e\ be the ramification index of 
Ok/O' and let if and f be as follows: 



X' K , X' ^— Y, 



20 



K. SATO 



where K' denotes Frac(O'). Let M" x , be the etale sheaf l'* FC 1 j'^n®? . There is a commutative 
diagram with exact rows 











FMy X ,/UM™ x 



M? x ,/U l M? x , 



0-™. mod U M n . 

X'r r.X' 



-> 



xei 



Ker(a^ r )/?7 1 M ) n 



M?/U l M? 



where the exactness of the upper row follows from Theorem 3.4.2. Because (ei,p) = 1 by 
assumption, the central vertical arrow is bijective by Theorem 3.3.7 (1), (2) (for X' and X), 
and the right vertical arrow is bijective as well. Hence a\ r is surjective and the left vertical 
map is bijective, which implies the equality FM" = Ker(a Xr )- □ 



4. p-adic etale Tate twists 

In this section, we define the objects T r (n)x {n > 0, r > 1) stated in Theorem 1.1.1 and 
discuss their fundamental properties including Tl, T2, T3, T5 and T6. 

4.1. Setting. Let A be a Dedekind ring whose fraction field has characteristic zero and which 
has a maximal ideal of positive characteristic. Let p be a prime number which is not invertible 
in A, and we assume that the residue fields of A at maximal ideals of characteristic p are perfect. 
Put B := Spec(A) and write S for the set of the closed points on B of characteristic p. For 
a point s on B, let B s be the henselization of B at s. Let X be a pure-dimensional scheme 
which is flat of finite type over B. We assume that X satisfies the following condition, unless 
mentioned otherwise: 

Condition 4.1.1. X[l/p] is regular. For any s£E, each connected component X' of X XbB s 
satisfies the condition 3.5.1 over the integral closure of B s in T(X', Ox 1 )- 

We will often work under the following stronger assumption: 

Condition 4.1.2. X is regular. For any s G E, each connected component X' of X x b B s is 

a regular semistable family over the integral closure of B s in r(X', Ox>)- 

Let X be a pure-dimensional flat of finite type 5-scheme satisfying 4.1.1. Let Y C X be the 
divisor defined by the radical of (p) C Ox- We always assume that Y is non-empty. Let Vy r 
be as in §2.2. Put V := X \ Y = X[l/p\. Let i and j be as follows: 

V X Y. 

Define the etale sheaf M r n on Y to be t*K n j^f r n . 

4.2. Definition of % r (n) x - Let X and p be as before. We define T r (0)x := Z/p r Z X - For 
n > 1, let 

o*,r(n) : T< n Rj*n® n > L*VY?[-n\ in D b (X 6t , Z/p r Z) (4.2.1) 

be the morphism induced by the map t*(<T x ) : R n j*fx® r n = i*M™ — > t*^" 1 of sheaves on X 6t 
(cf. Lemma 2.1.1). See (3.2.5) for a n Xr . 
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Lemma 4.2.2. Suppose n > I, and let 

M/^f-n-l] — /C — U r< n Rj^f r n t^f-n] (4-2.3) 

&e a distinguished triangle in D b {X^,'L/p r Z). Then JC is concentrated in [0, n], the triple 
(JC,t,g) is unique up to a unique isomorphism and g is determined by the pair (fC,t). 

Proof. The map t t (4 r ) is surjective by Theorem 3.4.2 and Corollary 3.5.2. Hence K, is acyclic 
outside of [0, n] and there is no non-zero morphism from /C to L^i/y^l— n — 1] by Lemma 2.1.1. 
The uniqueness assertion follows from this fact and Lemma 2.1.2 (3). □ 

Definition 4.2.4. For n > 1, we fix a pair (X, t) fitting into a distinguished triangle of the form 
(4.2.3), and define % r {n)x '■= K,. The morphism t determines an isomorphism j*JC ~ //®™, and 
% r (n)x is concentrated in [0,n], that is, % r (n)x satisfies Tl and T2 in 1.1.1. Moreover, t 
induces isomorphisms 

where we have used Theorem 3.4.2 and Corollary 3.5.2 for q = n. 

We prove here the existence of a natural product structure (T5 in 1.1.1). 

Proposition 4.2.6 (Product structure). Form,n > 0, there is a unique morphism 

%(m) x ® L T r (n) x ► %.{m + n) x in D~(X 6t , Z/fZ) (4.2.7) 

that extends the natural map (j,® r m <S> A*®" — > /i® r m+ ™ on . 

Proof. If m = or n = 0, then the assertion is obvious. Assume m,n > 1, and put £ := 
X r (m)x® L T r (n)x- By the definition of T r (m + n)x and Lemma 2.1.2 (1), it suffices to show 
that the following composite morphism is zero in D~(X&, Z/p r Z): 

£ — r< m Rj^ r m ® L T< n Rwp — r< m+n Rj^f r m+n ^+-i[_ m _ n]> 

where the second arrow is induced by the natural map /i®™ ® fip 1 — > /i®r m+n on V. We prove 
this triviality. Because £ is concentrated in degrees < m + n, this composite morphism is 
determined by the composite map of the (m + n)-th co homology sheaves (cf. Lemma 2.1.1) 

H m+n {£) > ^M r m ®^M r " > L*M™ +n x ' r > t^+ n - 1 . 

The image of ft m+n (£)(~ i.FM r m <g> t*FM") into ^M r m+ri is contained in t»FM r m+n . Hence 
this composite map is zero and we obtain Proposition 4.2.6. □ 

The following proposition (T6 in 1.1.2) follows from a similar argument as for Proposition 4.2.6. 

Proposition 4.2.8 (Contravariant functoriality) . Let X and Z be flat B-schemes satisfying 
4.1.1. Let f : Z — > X 6e a morphism of schemes, and let ip : Z[l/p] — > X[l/p] 6e £/ie induced 
morphism. Then there is a unique morphism 

f* ■ t%{n)x ► X r (n) z in D 6 (Z 6t , Z/p r Z) 

that extends the natural isomorphism ip* /j®" ~ /i® r n on (Z[l/p\)^. Consequently, these pull-back 
morphisms satisfy the transitivity property. 
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4.3. Bockstein triangle. We prove the following proposition: 

Proposition 4.3.1. Forr,s > 1, the following holds: 

(1) There is a unique morphism p : 1 r (n)x — ► ^ r +i( n )x in D b (X^, t ,Z/p r+1 Z) that extends 
the natural inclusion fip 1 <^-> /x® r +i on 

(2) There is a unique morphism 1Z : X r+ i(n)x — > T r (n)x ira -D 6 (^et, Z/p r+1 Z) £/ia£ extends 
the natural projection //® +i — >■ /i®" on • 

(3) There is a canonical Bockstein morphism 5 s>r : X s (n)x — *• X r (n)x[l] ^ -D 6 (-X&) satisfy- 
ing 

(3-1) 5 Sjr extends the Bockstein morphism /z® s n — > /x®r n [l] m D b (V^ t ) associated with the 

short exact sequence — > /i® r n — * At® r + S — > yU® s n — > 0. 
(3-2) 5 SjJ . /ife mto a distinguished triangle 

1 r +s{n)x — ^— ► 1 r (n) x [l] -^-> T r+S (n) x [l]. 

Proof. The claims (1) and (2) follow from the fact that X r (n)x concentrated in [0,n] and 
Lemma 2.1.2 (1). The details are straight-forward and left to the reader. We prove (3). For 
two complexes M* = {{M u } ueZ , {d u M : M u -> M u+1 } ueZ ), N' = ({N v } veZ , {d v N } v& ) and a 
map ft* : M* — > iV* of complexes, let Cone(/i)* be the mapping cone (cf. [SGA4], XVII) 

ConeW := M« +1 © N\ d% on<h) : = (-d£\ h^ + d%). 

We construct a morphism 5 S)T satisfying (3-1) and (3-2) in a canonical way. Take injective 
resolutions /i® ™ — > I* (v = r,r + s) and an injective resolution /i®" — > J* in the category of 
sheaves on for which there is a short exact sequence of complexes of the form 

o > i; > r r+s > j; > 0. 

Let : T< n j*I* — > ^y^f— n] = r, r + s) and 6 S : T< n j*J* — > ^y^l - n] be the natural 
maps of complexes that represent 0Xf( n ) : T<n-Rj*A*®" - ► ^^y^t - n ] with t> = r, r + s and s, 
respectively (cf. §4.2). The complexes Cone*(at,) (v = r,r + s) and Cone*(6 s ) represent % v (n)x 
with v = r,r + s and s, respectively. We show that the sequence of complexes 

► Cone> r ) > Cone'(a r+s ) —L^ Cone'(6 s ) > (4-3.2) 

is exact. Indeed, this exactness follows from that of the sequence — > z/y" 1 ~~ u Y~r+s ~~ * ^y^ 1 ~^ 
([Sat], 2.2.5 (2)) and that of the sequence of complexes 

► r< n jj* ► r< n jj' +s ► r<„j;j; ► (4.3.3) 

(cf. Theorem 3.3.7 (1)). Finally, we define S S:T as the composite Cone*(6 s ) — > Cone*(/) ~ 
Cone*(a r )[l] in D b (X^ t ), i.e., connecting morphism associated with (4.3.2). By definition, S Syr 
is canonical and satisfies the properties (3-1) and (3-2). This completes the proof. □ 

Remark 4.3.4. One can construct a map 8' sr : % s (n) x — > %-(n) x [l] in D b (X 6t ,Z/p s+r Z) 
satisfying (3-1) and (3-2) in the same way as above. Clearly, 5' sr = 5 Sjr in D b (X 6t ). 
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4.4. Gysin morphism and purity. We define Gysin morphisms for closed subschemes of X 
contained in Y and prove T3 in 1.1.1. See §6 below for a purity result for horizontal subschemes. 

Lemma 4.4.1. (1) There is a unique morphism 

g> : v™-\-n - 1] ► RL%(n) x in D\Y 6u Z/p r Z) 

fitting into a commutative diagram with distinguished rows 



cr i \ * d • ®n -°Xr(«) „_i r i s[i] cr i \ rn 

T r (n)x ► T< n Rj*fj,jf ► i*v Yr \-n\ > 1 r {n) x [l\ 

a,(fl')[i] 

%-(n) x Rj^® n — ► Ri*Ri%(n) x [l} T r (n) x [l]. 



(4.4.2) 



i7ere £ and g denote the same morphisms as in Lemma 4.2.2, and the lower row is the 
localization distinguished triangle (1.9.2). 
(2) g' induces an isomorphism 

T< n+ i(g') ■■ VY?[~n - 1] T< n+1 Ri l 1 r (n) x in D h {Y^Z/fZ). 

Proof. We first calculate the cohomology sheaves of Rt,- r Z r (n) x . In the lower row of (4.4.2), the 
map of the g-th cohomology sheaves of a o t is bijective (resp. injective) if q < n (resp. q = n), 
by (4.2.5). Hence by T2, we obtain 



iMZr{n) x c{". _ (4.4. 3) 



(q<n + l), 

fR?- 1 ^®? (q>n + l), 

and a short exact sequence 

► FM r n ► M r " V ' Y iT+VX r (n) x ► 0. I 4 - 4 - 4 ) 

By Lemma 2.1.1, (4.4.3) and T2, we have 

Hom D b ( Y. t)Z/ pr Z) (T r (n)x[l],-R6*-Ri ! T r (n)x[l]) = 0. 

Hence the first assertion of the lemma follows from Lemma 2.1.2 (2). The second assertion 
follows from (4.4.4). □ 

Definition 4.4.5. Let <p : Z <^-> Y be a closed immersion of pure codimension. Put c := 
codimx(Z), and let i be the composite map Z <^-> Y <^-> X . We define the morphism 

GySi : v n z ~ c \-n - c] ► i?rX r (n) x m D b (Z 6t ,Z/p r Z) (4.4.6) 

as follows, where u^~ c means the zero sheaf if n < c. If Z = Y (hence c = 1 and i = l), then 
we define Gys™ as the morphism g' in Lemma 4.4.1. This morphism agrees with the adjoint 
of g in Lemma 4.2.2 by the commutativity of the right square of (4.4.2). For a general Z , we 
define Gys™ as the composite 

n-cr i Gys £~ [ _n_1 l D ,\ n-lr 11 ^'(GysD D ,i D i_ , n D -'rr^ A 
Uz r [—n — c\ > R(pVY r [—n — l\ > R(p-Ri% r (n) x — Rv% r (n) x . 



See Definition 2.2.1 for Gys, 



n-l 
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Theorem 4.4.7 (Purity). The morphism 

r< n+c (Gys") : v n z ~ c \-n - c] > T< n+c Rv% r (n) x 

is an isomorphism. 

Proof. By the definition of Gys™, the morphism r<„ +c (Gys™) is decomposed as follows: 



r< n+c (Gys"- 1 [-n-l]) 



V 



% c [-n-c] r^R^i-n - 1}) 

> r< n+c {i?0-(r< n+ ii?i-X r (n) x )} 



canonical r>-\cr I \ 

> T< n+c Rr% r (n)x- 

The first two arrows are isomorphisms by Theorem 2.2.2 and Lemma 4.4.1. We show that the 
last arrow is an isomorphism as well. There is a distinguished triangle of the form 

T< n+1 Ri l %.(n) x — ► Ri % r {n)x — ► T> n+2 Ri-%{n) x — ► (r<„ +1 i?i ! T r (n) x )[l] 
and we have T> n+2 RL l %(n)x — (T> n+ ii* Rj*n®?)[— 1] (cf. (4.4.3)). Hence it suffices to show 

r< n+ c-iR4>\r> n+l L*Rj^ r n ) = 0. (4.4.8) 

By the exactness of (4.3.3), there is a distinguished triangle of the form 

r> n+ iRj*^ — > r> n+1 Rj^f r n — > T> n+1 Rj^ n — > (r>„ +1 i?j>®")[l] 

Hence (4.4.8) is reduced to the case r = 1 and then to the following semi-purity due to Hagihara 
(cf. Theorem A. 2. 6 below): 

R q (f)-(L*R m j^® n ) = for any m, q with q<c-2, 

where one must note c = codimy(Z) + 1. This completes the proof. □ 

Corollary 4.4.9. Let i : Z — > X be a closed immersion of codimesion > n + 1. Then we have 
R q i-% r {n) x = for any q<2n + l. 

Proof. If Z[l/p] is empty, then we have R q v c Z r {n)x = for q < 2n + 1 by Theorem 4.4.7. 
We next prove the case that Z[l/p] is non-empty. Put U := Z[l/p] and T :— Z \ U. Let 
a : T ^ Z, P : U ^ Z and 7 : T ^ X be the natural immersions. There is a long exact 
sequence of sheaves on Z &t 

► a,R q r%.{n) x — > i« ! X r (n) x — > R q faP*Rr<X r (n) x 

where a*i? 9 7 ! X r (n)x is zero for g < 2n+l by the previous case. We show that R Q (3*(3*Ri lc X r (n)x 
is zero for q < 2n + 1. Indeed, we have f3*Rv% r {n)x = Rip [ /jif™ with *0 the closed immersion 
U V, and it is concentrated in degrees > 2n + 2 by the absolute purity of Thomason and 
Gabber [Th], [FG] and by the assumption that codimx(Z) > n + 1. □ 

We next prove a projection formula, which will be used later in §5 and §6. 

Proposition 4.4.10 (Projection formula). Let i : Z ^ X be as in 4.4.5. We define the 
morphism i* : T r (n)x — > «*A^ r [— n] in D b (X(. t ,Z/p r Z) by the natural pull-back of symbols on 
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the n-th cohomology sheaves (cf. (4.2.5)). Then the square 

uv^~ c \-m - c] ® L % r {n) x Yi ) %{m) x ® L %{n) x 

(4.2.7) 
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i*v™+ n - c \-m - n - c\ 



T r (m + n) x 



commutes in D (X(. t ,Z/p r Z). Here the left vertical arrow (Jj) is the composite map 



i*v™ r °\-m- c] ® L T r (n) 



x 



-m 



-n 



m+n—c r 



-m — n 



and the last arrow is induced by the pairing (2.2.3) on the (m + n + c)th cohomology sheaves. 

Proof. One can easily check the case Z = Y by the commutativity of the central square in 
(4.4.2). The general case is, by the previous case, reduced to the commutativity of a diagram 

Gys™- 1 [-m-l]® L id[-n] 

^z,; c [-m - c] ® L A£ >r [-n] — ^ ► " 1] ® L A^, r [-n] 



* U Z,; 



m+n—c I 



-m — n 



Gys-+"- 1 [-m-n-l] 



m+n— 1 [ 

y> [ 



-m — n 



in D (Y&,Z/p r Z) with : Z <^-> V. Here the vertical arrows are defined in a similar way as 
for (Jj). We prove the commutativity of this square. For two complexes M' = ({M"} MgZ , {d^ : 
M u -> M u+1 } ueZ ) and jV' = ({A^}„ eZ , {dfr} ve z), we define the double complex M* ® N* as 

(M'®N') U > V :=M U ®N V , d? v :=d u M ®id Nv , d% v := {-l) u \& M u ® d v N . 

We write (M* ® A r# ) t for the associated total complex, whose image into the derived category 
gives M* ® L N* if either M' or N' is bounded above and consists of flat objects. Now for 
T G {y, and a > 0, let C'(T, a) be the complex of sheaves defined in §2.2. Because Ay r is 
flat over Z/p r Z by [Sat], 3.2.3, the commutativity in question follows from that of a diagram 
of complexes on 

{4>*C m r (Z,m-c)\-m-c\ ® A^J-n])* (C;(F, m - l)[-m - 1] <g> A^ r [-n])* 

product product 

4>*C°(Z,m + n — c)[—m — n — c] <^-> C*(Y, ra + n — 1)[— ra — ra — 1], 

where the vertical arrows are induced by the pairings (2.2.3) and the horizontal arrows are 
natural inclusions of complexes. This completes the proof. □ 

4.5. Kummer sequence for G m and purity of Brauer groups. We study the case n — 1. 

Proposition 4.5.1. Put G m := O x . Then there is a unique morphism 

G m ® L Z/p r Z[-l] ► % r (l) x m D\X 6t ,Z/p r Z) 

that extends the canonical isomorphism j*(G m ® L Z/p r Z[—l]) ~ /i p r. Moreover it is an isomor- 
phism, if X satisfies 4.1.2. 
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Proof. Put M : = G m <g> L Z/p r Z[-l]. By definition, (i) M is concentrated in [0, 1], and (ii) there 
are natural isomorphisms 

H°(M) ~ Ker(G m ^ G m ) and H^M)- G m /p r . 

Because j*M. ~ /i p r canonically in D fe (V^ t , Z/p r Z), there is a natural morphism .M — > 
r<iRj*fi p r in D b (X 6t ,Z/p r Z) by (i). The composite morphism 

.M > T^Rj^Hpr ux ' r{1 \ L*V^ r [-l\ 

is zero by (ii) and Lemma 2.1.1. Hence by Lemma 2.1.2 (1), we obtain a unique morphism 
M. — ► % r (l)x that extends the isomorphism j*A4 ~ \i p r. Next we prove that this morphism 
is bijective on cohomology sheaves, assuming that X satisfies 4.1.2. By the standard purity for 
G m ([Gt], (6.3)-(6.5)), there is an exact sequence 

> G m > j*j*G m > @y&Y" V Z > °> 

where for x G X, i x denotes the canonical map x X. Since ye yo t y *Z is torsion-free, we 
have TC°(A4) ~ j*fJ> p r and there is an exact sequence 

► H\M) »• I&Mpr > © yey o L y *Z/p r Z(= L^ r ) 

by (ii) and the snake lemma. Here we have used the isomorphism (j*j*G m )/p r ~ P^j^/ipr 
obtained from Hilbert's theorem 90: R 1 j*j*G m = 0. Now the assertion follows from (4.2.5). □ 

As an application of Corollary 4.4.9 and Proposition 4.5.1, we prove the p-primary part of the 
purity of Brauer groups (cf. [Gt], §6). 

Corollary 4.5.2 (Purity of Brauer groups). Assume that X satisfies 4.1.2. Let i : Z <^-> X be 
a closed immersion with codimx(^) > 2. Then the p-primary torsion part of R 3 i l G ni is zero. 

If dim(X) < 3, then the full sheaf R 3 i ] G m is zero by a theorem of Gabber [Ga]. 

Proof. By Proposition 4.5.1, there is a distinguished triangle 

GU-l] %-(l)x G m G m in D b (X 6t ), (4.5.3) 

which yields an exact sequence R 3 i l % r (l) x — > R 3 i l G m ^ R 3 i [ G ni . Hence the corollary follows 
from the vanishing result in Corollary 4.4.9. □ 



5. Cycle class and intersection property 

Throughout this section, we work with the setting in §4.1 and assume that X satisfies the 
condition 4.1.2. In this section we define the cycle class c\ x (Z) e H| n (X, %-(n)) for an integral 
closed subscheme Z C X of codmension n > 0, and prove an 'intersection formula' 

c\ x {Z)Uc\x{Z')=c\ x {ZnZ') in R 2 z (m+n) (X, % r (m + n)), 

assuming that Z of codimension m and Z' of codimension n are regular and meet transversally. 
In §6, we will prove T4 in Theorem 1.1.1 using this result. 



p-ADIC ETALE TATE TWISTS 27 
5.1. Cycle class. We first note a standard consequence of Corollary 4.4.9. 

Lemma 5.1.1. Let Z be a closed subscheme of X of pure codimension n > 0. Let Z' be a 

dense open subset of Z , and let T be the complement Z \ Z' . Then the natural map 

Rf(X, % r {n)x) — H|?(X \ T, %{n) x \ T ) 

is bijective. 

Proof There is a long exact sequence of cohomology groups with supports 

• • • - R 2 T n (X, %{n) x ) - H| n (X, % r {n) x ) - K%(X \ T, %{n) x ) - H|" +1 (X, T r (n) x ) - • • • . 

Since codim x (T) > n + 1, we have H^ n (X, X r (n) x ) = H|" +1 (X, X r (n) x ) = by Corollary 4.4.9, 
which shows the lemma. □ 

Definition 5.1.2. For an integral closed subscheme Z C X of codimension n > 0, we define 
the cycle class clx(Z) G H| n (X, T r (n)x) as follows. 

(1) is regular and contained in Y, then we define dx(Z) to be the image of 1 e Z/p r Z 
under the Gysin map 

Gjs^:Z/p r Z^Ef(X,% r (n) x ) 

induced by the Gysin morphism defined in Definition 4.4.5. 

(2) is regular and not contained in Y , then we have Gabber's refined cycle class cly (U) G 
Hjy n (V,/4 ra ) (cf. [FG]) ; where we put U := Z[l/p] and V := X[l/p\. We define c\ x (Z) 
as the inverse image of cly (U) under the natural map 

Kf(X,Z r (n) x ) ^^(V,^)- 

This map is bijective by Lemma 5.1.1 and excision, and hence clx(Z) is well-defined. 
Note that Gabber's refined cycle class agrees with Deligne's cycle class ([SGA4], Cycle) 
in any situation where the latter is defined (cf. [FG], 1.1.5). 

(3) For a general Z , we take a dense open regular subset Z' C Z and define c\ x (Z) to be 
the inverse image of clx'(Z') G H|"(X', % r {n)x) (X' :— X\(Z\ Z')) under the natural 
map 

R 2 z n (X,Z r (n) x ) — H%(X',<Z r (n) x ,), 
which is bijective by Lemma 5.1.1 and c\x(Z) is well-defined. 

We prove the following result: 

Proposition 5.1.3 (Intersection property). Let Z and Z' be integral regular closed subschemes 
of X of codimension a and b, respectively. Assume that Z and Z' meet transversally on X. 
Then we have 

dx(Z)\Jdx(Z')=cl x (ZnZ') in E 2 z { ^\x,Z r (a + b) x ). 

Here, if Z D Z' is not connected, then c\ x (Z fl Z') means the sum of the cycle classes of the 
connected components. 
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5.2. Proof of Proposition 5.1.3. Without loss of generality, we may assume that Z n Z' is 
connected (hence integral and regular). If Z fl Z' is not contained in Y, the assertion follows 
from Lemma 5.1.1 and the corresponding property of Gabber's refined cycle classes [FG], 1.1.4. 
We treat the case that Z C\ Z' G Y . Let x be the generic point of Z n Z'. By Lemma 5.1.1, we 
may replace X by Spec(Ox, x )- Because Z and Z' are regular and meet transversally at x, there 
is a normal crossing divisor D = U^if A with each Dj integral regular such that n" =1 A = Z 
and n?+ a 6 +iA = Z'. Therefore we are reduced to the following local assertion: 

Lemma 5.2.1. Suppose that X is local with closed point x of characteristic p. Put n : = 
codimx(a;) > 1. Let D = Uf =1 D t be a normal crossing divisor on X with each D { integral 
regular such that fl™ =1 D^ — x. Then the cohomology class 

c\ x (x; D) := cl x (D 1 ) U c\ x (D 2 ) U • • • U c\ x (D n ) G (X, %{n) x ) 

depends only on the flag: D\ D D\ D D 2 Z> • • • Z> D 1 D • • • fl -D n -i ^> anc? agrees with clx(^)- 

We prove this lemma by induction onn> 1. The case n — 1 is clear. Suppose that n > 2 and 
put 5 := fl^r/Dj. Let ^ (resp. i x ) be the closed immersion S ^ X (resp. x — > S). Note that 
5 is regular, local and of dimension 1. 

We first show the case that S C Y. By the induction hypothesis and Lemma 5.1.1, we have 
cLy(-Di) U ■ ■ • U c\ x (D n _i) = clx(S), and hence 

d x (x; D) = c\ x {S) U c\ x {D n ) = Gys;(Gysr c (l)) = c\ x {x). 

Here the second equality follows from Proposition 4.4.10 for if) and the last equality follows 
from Remark 2.2.6 (1). In particular, c\(x; D) depends only on the flag of D. 

We next show the case that S <f_ Y . Let y be the generic point of S. Since ch(y) = 0, we 
have clx(-Di) U ■ • • U clx(At-i) = c\ x (S) by Lemma 5.1.1 and [FG], 1.1.4. We have to show 

Sublemma 5.2.2. Let E and E' be regular connected divisors on X each of which meets S 
transversally at x. Then we have c\ x (S) fl c\ x {E) = clx(-S') fl c\ x (E'). 

We first finish the proof of the lemma, admitting this sublemma. It implies that cl x (x;D) 
depends only on the flag of D, and moreover that cl x (x; D) is independent of D by [SGA4|], 
Cycle, 2.2.3. Hence we obtain cLy(^; D) = c\ x (x) by the computation in the previous case. 

Proof of Sublemma 5.2.2. Let E be a regular divisor on X as in the sublemma. The map 

H|(X, % r (l) x ) — Hf (X, % r (n) x ), a » d x (S) U a 

factors through a natural pull-back map 

r : H|(X,X r (l)x) — T%(S,P%.(1) X ). 

We compute ip*(cl x (E)) as follows. Since ch(y) = 0, we have (if>*% r (l) x )\ y ~ /i p r on y 6t and 
there is a commutative diagram with exact rows 

E\X,1 r (l) x ) ^E\X\E,%,(1) X \ E ) ^ H|(X,T r (l) x ) 



R l (S,rMl)x) — H^y.^v) H x (5,^X r (l) x ), 
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where <Ji denotes S x \ EE (ij*1 r (l) x ) and 5 2 denotes 5 l ° c x (ip*1 r (l) x ) (cf. (1.9.2)). Take a prime 
element 7r B G T(X, (9^) which defines E, and let {tte} G H 1 (X \ E, be the image of 

7Te under the boundary map of Kummer theory (cf. (4.5.3)) 

T(X \ E, 0^ E ) — > H X (X \ £, X r (l)x\ S ). 

We have cl x (£) = -^({vr^ 1 }) by [SGA4±], Cycle, 2.1.3 (cf. (1.9.1)). By the diagram, 

P(c\ x (E)) = -6 2 (P{n E })) = -6 2 ({We}). 

Here We denotes the residue class of 7Te in Og, x an d it is a prime element by the assumption that 
E meets S transversally at x. Moreover we have S 2 ({u}) = for any unit u G Og x , because 
every u G Og x lifts to Xx . Hence for a fixed prime n x G we have ip*(c\ x (E)) = — 5 2 ({ir x }), 
which shows the sublemma. □ 

This completes the proof of Lemma 5.2.1 and Proposition 5.1.3. 



6. Compatibility and purity for horizontal subschemes 

In this section, we prove T4 in Theorem 1.1.1. This result is rather technical, but we will 
need its consequence, Theorem 6.1.3, to prove the covariant functoriality T7 in §7. 

6.1. Gysin maps. We work with the setting in §4.1, and assume that X satisfies 4.1.1. Let b 
and n be integers with n > b > 0. For x G X b , we define the complex Z/p r Z(n) x on Xet as 



ZjfZ(n\ 



Hp (if ch(x)^p), 

W r ni loR [-n] (if ch(x)=p). 

We define the Gysin map 

G< : H n - b (x,Z/fZ(n - b) x ) — > R n x +b (X,Z r (n) x ) := E n x +b (Spec(O x , x ),1 r (n) x ) 

as the map induced by the Gysin morphism for i x : x <^-> X, if ch(x) = p (cf. Definition 
4.4.5). If ch(x) ^ p, we define Gys™ by sending a G H. n ~ b (x, fip r n ~ b ) to clv(x) U a, where 
cly(x) G H x b (V,/ipr) denotes Gabber's refined cycle class we mentioned in Definition 5.1.2 (2). 
The aim of this section is to prove the following two theorems: 



Theorem 6.1.1 (Compatibility). Let x and y be points with x G {y} D Y fl X b and y G X b 1 
(hence ch(y) = orp). Then the diagram 

oval 

H n - 6+1 (y, Z/p r Z(n -& + !)„) — ^ H n " 6 (x, Z/p r Z(n - &) x ) 



G y s L (6.1.2) 



R^ b -\X,% r (n) x ) H^(X,T r (n) x ) 
«s commutative (see (1.9.3) /or £/ie definition of the bottom arrow). 

Sheafifying this commutative diagram, we obtain T4 in Theorem 1.1.1. As for the case x £ Y, 
the corresponding commutativity is proved in [JSS], §1. 
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Theorem 6.1.3 (Purity). Let Z be an integral locally closed subscheme of X which is flat over 
B and satisfies 4.1.1. Put c := codimx(Z) and U := Z[l/p\. Let i and ip be the locally closed 
immersions Z <^-> X and U <^-> V , respectively. Then for n > c, there is a unique morphism 

Gys" : %.(n-c) z [-2c] ► Rv%(n) x in D b (Z 6t ,Z/p r Z) 

that extends the purity isomorphism (cf. [Th], [FG]) 

Gys^ : /$ n - c [-2c] R^ffi in D b (U 6u Z/p r Z). 

Moreover, Gys™ induces an isomorphism 

r< n+c (Gys") : T r (n - c) z [-2c] — r< n+CJ RrT r (n) X - 

This result extends Theorem 4.4.7 to horizontal situations. Before starting the proof of these 
theorems, we state a consequence of Theorem 6.1.1. For a point x G X n and a closed subscheme 
S C X containing x there is a natural map 

H?(X,Z r (n) x ) ► R 2 s n (X,Z r (n) x ) 

by Lemma 5.1.1. By Theorem 6.1.1 and [JSS], Theorem 1.1, we obtain 

Corollary 6.1.4 (Reciprocity law). Let y be a point with y G X n ~ x , and put S := {y} C X. 

Then for any a G H 1 (y, Z/p r Z(l) y ), we have 

E^ns Gys^c^a)) = in Rf(X,Z r (n) x ). 
Consequently, the sum of Gysin maps 

E, e x- G<:©x^ Z/p r Z ► H 2 «(X,T r (n) x ) 

factors through the Chow group of algebraic cycles modulo rational equivalence: 

d x y.C}l n (X)/p r ► K 2n (X,%.(n) x ). 

Remark 6.1.5. (1) The case ch(y) = p of Theorem 6.1.1 follows from the definition of 
Gysin maps (cf. 2.2.1, 4.4.5) and a similar arguments as for [Sat], 2.3.1 (see also 
(1.9.1)). On the other hand, the case ch(y) = of Theorem 6.1.1 is closely related 
to Theorem 6.1.3. 

(2) Corollary 6.1.4 is not a new result if X is smooth over B. In fact, by an argument 
of Geisser [Ge], §6, Proof of 1.3, one can construct a canonical map from higher Chow 
groups of X to H*(X,% r (n) x ). A key ingredient in his argument is the localization exact 
sequences for higher Chow groups due to Levine [Le2] . In this paper, we give a more 
elementary proof of Theorem 6.1.1 without using Levine's localization sequences. 

In what follows, we refer the case ch(y) = of Theorem 6.1.1 as Case (M). We will proceed the 
proof of Theorems 6.1.1 and 6.1.3 in three steps. In §6.2, we will prove Case (M) of Theorem 
6.1.1 assuming that X satisfies 4.1.2 and that S := {y} is normal at x. In §6.3, we will prove 
Theorem 6.1.3 assuming that X satisfies 4.1.2 and then reduce Case (M) of Theorem 6.1.1 to 
the case where X is smooth over B (and S is arbitrary). The last case will be proved in §6.4, 
which will complete the proof of Theorems 6.1.1 and 6.1.3. 
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6.2. Proof of the theorems, Step 1. In this step, we prove Case (M) of Theorem 6.1.1 
assuming that X and S(— {y}) are regular at x. Replacing X by Spec(<D XjX ) and replacing 
y by the point on Spec(0 Xx ) lying above y, we suppose that X is regular henselian local 
with closed point x. Note that it suffices to show the desired compatibility in this situation, 
and that Os, x is a henselian discrete valuation ring. By the Bloch-Kato theorem [BK], (5.12), 
H™ _6+1 (y, /x®™ _6+1 ) is generated by symbols of the forms 

(i) {/3i,...,/3„_ 6+ i} and (ii) {ir x , Pi, . . . , P n - b }, 

where each f3\ belongs to Og x , and n x denotes a prime element of Os, x - We show that the 
diagram (6.1.2) commutes for these two kinds of symbols. Recall that Gys™ is given by the 
cup product with the cycle class cly(y) e H^ 6_2 (V, /x®^ -1 ), and that this cycle class extends 
to the cycle class c\ x (S) G H| 6 " 2 (X,T r (6 - l) x ) (cf. Definition 5.1.2). We first show that the 
diagram (6.1.2) commutes for symbols of the form (i). Because a symbol oo of this form lifts 
to Cue W l - b+1 (X,%.(n-b+l) x ), its image Gys"(cj) lifts to c\x(S) Uw e HS +6_1 (A', % r {n)x)- 
Hence we have 5 l ° x o Gys™ (u) = 0, which implies the assertion. We next consider symbols of 
the form (ii). The map S^.(% r (n)x) ° Gys™ sends a symbol {ir x ,Pi, . . . , P n -b} to 

S(d v (y) U {n x }) Ucue H"+ 6 (X, % r (n) x ). (6.2.1) 

Here u denotes a lift of {Pi, . . . , P n -b} to H"~ 6 (X, % r (n — b)x), and 5 denotes the connecting 
map 5 l ° x (% r (b)x)- Since ch/(y) extends to clx(S), we have 5(ch/(y) U {ir x }) = —clx(x) by 
Proposition 5.1.3 (see also the proof of Sublemma 5.2.2). Hence we have 

(6.2.1) = -d x (x) Uu = -Gys™ (a;) = -Gys™ o d^ x ({n x ,Pi, . . .,P n - b }), 

where uJ denotes the residue class of oo in H°(x, W£il™7 b g ) an d the second equality follows from 
Proposition 4.4.10 for i x . Thus we obtain the desired commutativity. This completes Step 1. 

6.3. Proof of the theorems, Step 2. In this step we prove Theorem 6.1.3 assuming that X 
satisfies 4.1.2 (see also Remark 6.3.4 below). Let % : Z X and ip : U V be as in Theorem 
6.1.3. Let T be the divisor on Z defined by the radical of (p) C Oz- We obtain a commutative 
diagram of schemes 

U — Z T 

V> □ 

V X Y. 

Put := i o a : T ^ X, £ := T r (n - c) z [-2c] and 971 := ift'X^n)*-. By Theorem 4.4.7 for <p, 
there is an isomorphism 

VrT^i-n - c - 1] ~ r< n+c+lJ R0 ! 1 r (n) x = r< n+c+lJ R« ! mt. (6.3.1) 

Consider a diagram with distinguished rows in D + (Z(. t ,Z/p r Z) 

£ ^ (r< n _ cJ R^™" c )[-2c] c^i/J^-n - c] £ [i] 



i?/3*(Gys;) 



i?a»(Gysp[l] (6.3.2) 



«* 5 loc (SOT) 

Tt - JL ^ Rp*P*Wl u ' > ita^arOTtfl] SDt[l]. 
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Here the upper low is the distinguished triangle defining % r (n — c) z shifted by degree —2c, and 
we wrote a for <Jz,r{ n ~ c )- The lower row is the localization distinguished triangle for 9K (cf. 
(1.9.2)). We show that the square of (6.3.2) commutes. Indeed, by (6.3.1) and Lemma 2.1.1, it 
is enough to show that the induced diagram of the (n+c)-th cohomology sheaves is commutative 
at the generic points of T, which was shown in Step 1. Hence the square commutes, and there 
is a unique morphism Gys™ : £ — > Wl that extends Gys™, by Lemma 2.1.2 (1), because 

Hom D+(z . tiZ/ pr Z) (£, Ra*Ra ] 9Jl) = 

by (6.3.1) and Lemma 2.1.1. 

We next show that r< n+c (Gys n ) is an isomorphism. By the commutativity of the square of 
(6.3.2), the morphism S^ T (0Jl) is surjective on the (n + c)-th cohomology sheaves, and there is 
a distinguished triangle 

r< n+c Wl T< n+c RP*P*Vn -^-^ (T< n+c+1 Ra*Ra l 9Jl)[l] -^U (r< n+c 9Jl)[l], 

where the arrow (a*)' is obtained by decomposing a* : Ra*Ra l VJl)[l] — > 3Jl[l]. Replacing the 
lower row of (6.3.2) with this distinguished triangle, we see that r< n+c (Gys") is an isomorphism. 
This completes Step 2. 

Corollary 6.3.3. Let i : Z X be as in Theorem 6.1.3, and assume further that X satisfies 
4.1.2. Let h : Z' <^-> Z be a closed immersion of pure codimension with ch(Z') = p. Put g :— ioh 
and d := codimx(^')- Then we have Gys™ = i?/i ! (Gys n ) o (Gys^~ c [— 2c]) as morphisms 

v n z 7 c ' [-n - c'} > Rg-%{n)x in D\Z' 6t ,Z/p r Z). 

Proof. Because T< n+c r-iRg ] % r (n)x = by Theorem 4.4.7, a morphism u^7 c [—n — c'\ — > 
Rg % r {n)x is determined by a map on the (n + c')-th cohomology sheaves (cf. Lemma 2.1.1). 
Because R n+C ' g [ Z r (n) x is isomorphic to the sheaf u^7 c by Theorem 4.4.7, we are reduced to 
the case that X and Z are local with closed point Z', and moreover, to the case that Z' is a 
generic point of Z ®z F p (that is, c' = c + 1). This last case follows from the commutativity of 
(6.1.2) proved in Step 1. □ 

Remark 6.3.4. (1) By the results in this step and the bijectivity of Gys™ in (6.1.2) (cf. 
Theorem 4.4.7), Case (M) of Theorem 6.1.1 (with X and {y} arbitrary) is reduced to 
the case where X is smooth over B . We will prove this case in the next step. 
(2) Once we finish the proof of Theorem 6.1.1, we will obtain Theorem 6.1.3 by repeating 
the same arguments as for Step 2. 

6.4. Proof of the theorems, Step 3. Assume that X is smooth over B. In this step, we 
prove Case (M) of Theorem 6.1.1 for this X, which will complete the proof of Theorems 6.1.1 
and 6.1.3 (cf. Remark 6.3.4). We first show Lemma 6.4.1 below. Let m be a positive integer, 
and put P := Pj£. Consider cartesian squares of schemes 

Py — P <-2— Py 



□ / 



□ 



V — X Y. 

For this diagram, we prove 
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Lemma 6.4.1. (1) There is a unique morphism 

tv n f : Rf*Z r (n + m) ¥ [2m] ► % r (n) x in D b (X 6t ,Z/p r Z) 

that extends the trace morphism for ip ([SGA4], XVIII. 2.9, XII. 5. 3) 

tr; : R^n® n+m [2m] ► ^ r n in D b (V 6t ,Z/p r Z). 

(2) trj fits into a commutative diagram 

R^RgM^+J-^im -n-1] -^U Rf*Z r (n + m) P [2m] 

Ri^-^l-n-l] try 

L*W r ^ g [-n-l] %r{n)x. 

Here tr™ -1 denotes (—l) m -times of the Gysin morphism of Gros ([Gs], II. 1.2. 7). TTie 
arrow (t|) is induced by the isomorphism Ri^Rg* = Rf*Ra* and the Gysin morphism 
Gys™ +n . 

Proof. Because i?/ t I r (n + m) P [2m] is concentrated in derees < n ([SGA4], XII. 5. 2, X.5.2), it 
is enough to show that the square 

RU{r< M R(5^^)[2m] R ^ n+m ^ m \ Rf^ Wr W^)[m - n] 

Rt* (tr s )[— n] 

r< n R]^T L*W r n^ g [-n] 

is commutative in D b (X^ t ,'^/p r Z) (cf. Lemma 2.1.2 (1)). Here the left vertical arrow is defined 
as the composite of the natural morphism 

Rf*(T< n+m Rf3^® n+m )l2m] — T< n {RUR(5^ +m [2m]) = r< n (Rj,R^ r n+m [2m}) 

and T< n Rj#(tT^). The vertices of this diagram are concentrated in degrees < n. Hence we are 
reduced to the commutativity of the diagram of the n-th cohomology sheaves, which one can 
check by taking a section s : X <^-> Fx of / and using the compatibility proved in Step 1 (see 
also Remark 2.2.6 (2)). More precisely, using (4.4.8) one can construct a Gysin map 

Gys s : R n j*n® n ► R m f*(R m+n fcii® n+m ) = H n {RU{T< n+m R(3^®? +m )[2m\), 

induced by that for s v : V <^-> F v . One can further check that it is surjective by Theorem 3.3.7 
with r = 1 and [Gs], 1.2.1.5, 1.2.2.3. The details are straight-forward and left to the reader. □ 

Now we turn to the proof of Theorem 6.1.1. Replacing X by Spec(Ox,x), we assume that X 
is local with closed point x. Suppose that S(— {y}) is not normal, and let n : T — > S be the 
normalization of S. Since n is finite, the composite T — > S X is projective, i.e., factors 

as T P^ =: P — > X with i closed, for some m > 1. Let : P™ ^ ^ be the morphism 
induced by /. Let T x be the fiber n~ 1 (x) C T with reduced structure, and let h : T x — > x be 
the natural map. Consider the diagram in Figure 1 below, where we wrote Gys for Gysin maps 
for simplicity. In this diagram, the outer large square commutes by the definition of 8™ x and 
[JSS], Lemma A.l. The square (1) commutes by Step 1. The square (2) commutes by [SGA4|], 
Cycle, 2.3.8 (i). The square (3) commutes by the property j*(tr^) = tr^ of tr*. The square (4) 
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H n - b+1 (y,nf?- b+1 ^ 



n {T x ,w r n n - b 



T x ,logJ 



Gys 



(1) 



Gys 



H 



n+2m+b-l / 



v,< m+ ") 



(2) 



K n y +b -\v,np) 

•"'Gys 



(3) 

■*j,%CM")x) _ 
(5) 



H™ +(, (P,T,(n + m) P ) 



(4) 



H£+ 6 (X,T,(n)x) 
Gys^ 



H"- 6+1 (y,Mr-' ,+1 ) 



H°(a;, Wf f2™7og) 



FIGURE 1 . diagram for Step 3 



commutes by Lemma 6.4.1 (2) and Remark 2.2.6 (1). Hence the square (5) commutes, which 
is the commutativity of (6.1.2). This completes the proof of Theorems 6.1.1 and 6.1.3. □ 



7. Covariant functoriality and relative duality 



In this section, we prove the covariant functoriality T7 in Theorem 1.1.2 and prove a relative 
duality result (see Theorem 7.3.1 below). Throughout this section, we work with the setting 
in §4.1. Let X and Z be integral schemes which are flat of finite type over B and satisfy 4.1.1, 
and let / : Z — > X be a separated morphism of finite type. Put c := dim(X) — dim(Z), and let 
ip : Z[l/p] — > X[l/p] = V be the morphism induced by /. By the absolute purity [Th], [FG], 
there is a trace morphism 

trj : R^®?- c [-2c\ ► ffi in D b (V 6t , Z/p r Z), 

which extends the trace morphisms for flat morphisms due to Deligne [SGA4], XVIII. 2. 9 and 
satisfies the transitivity property. 

7.1. Covariant functoriality. The first result of this section is the following: 

Theorem 7.1.1 (Covariant funtoriality) . For f : Z — > X as before, there is a unique morphism 

tr n f : Rfi% r {n - c) z [-2c] ► T r (n) x m D b (X 6t ,Z/p r Z) 

that extends tr^. Consequently, these trace morphisms satisfy the transitivity property. 

This theorem will be proved in the next subsection. In this subsection, we prove the following: 

Lemma 7.1.2. Let k be a perfect field of characteristic p > 0, and let Y be a normal crossing 
variety over Spec(/c). Let g : T — > Y be a separated morphism of finite type of schemes, and 
assume that T has dimension < a. Put c := dim(F) — a. Assume that £ G D b (W 6t , Z/p r Z) and 
9JT G D~(Y£t,Z/p r Z) are concentrated in degrees < £ and < m, respectively. Let T be a locally 
free (Oy) p -module of finite rank. Then for an integer q < c — £ — m, we have 

Hom fl - (4 , z//z) ((%£) ® L m, v^ r [q\) = and 
Rom D - iYiuZ/p r Z) ((Rg,£) ® L 271, F[q\) = 0. 
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Proof. We prove the assertion only for Vy r . One can check the assertion for T by repeating the 
same arguments as for i/y r , using Lemma A. 2. 8 below. 

We first prove the case that £ has constructible cohomology sheaves. If there are closed 
subschemes fa : Tj <^-> T (i — 1, 2) such that T = 7\ U T 2 and dim(Ti n T 2 ) < a — 1, then there 
is a distinguished triangle of the form 

#012*0I 2 £[-1] — > £ — > i?01*0I£ © i?02*^£ — > i?012*0t 2 £ 

in D b (T 6t ,Z/p r Z), where i2 denotes the closed immersion T\ fl T 2 T. Hence by induction 
on a > 0, we may assume that T is irreducible. Let b be the dimension of g(T) C Y . Noting 
that Rg\2 has constructible cohomology sheaves by [SGA4], XIV. 1.1, we prove 

Sublemma 7.1.3. For i G Z, the support of R l g\£ has dimension < min{6, a + £ — i}, i.e., 
there is a closed subscheme : W <^-> Y of dimension < min{6, a + £ — i} for which we have 
R l g^ = fafaRtgiZ. 

Proof of Sublemma 7.1.3. Without loss of generality, we may assume that g is proper (hence 
Rg\ = Rg*). Since -R*g*£ is zero outside of g(T), the support of i?^*£ has dimension < b. We 
show that the support of R l g*£ is at most (a + £ — i)-dimensional. Let y be a point on g(T). 
Put T y := T x Y y = g~ l {y)- Since dim{y} + dimTy equals the dimension of the closure of T y 
in T ([SGA4], XIV.2.3 (hi)), we have dim {y} + dimT y < a. Now suppose that (&g*£) v ^ 0. 
Because (R q g*£)y is zero for q > dimT^ + £ (loc. cit., XII. 5. 2, X.5.2), we have 

i < dimTy + £ <a- dim{y} + £, 

that is, dim {y} < a + £ — i. Thus we obtain the sublemma. □ 

We now turn to the proof of the lemma and compute a spectral sequence 

ey = Ext^ /p , z ((ir>£) ® L m, i$ r ) =► Ext«J%, z ((% ! £) ® L mt, i$ r ). 

For (u, v) with -u + t> < c — £ — m and 6 < a + £ + t> , we have u + m < dim(Y) — b and 

EY = Ext^ ZMZ ((0^* J R-^,£) ® L 971, i# >r ) 
= Ext^ z/prz (i^,^(i2-^,£ ® L 9Jt), u^ r ) 
= Ext^ ZMZ (0*(iT>£ ® L 9Jt), R<p-ul r ) = 

by Theorem 2.2.2 and Lemma 2.1.1. Here W denotes the closure of g(T) and denotes the 
closed immersion W ^ Y. For (u, v) with u + v < c — £ — m and b > a + £ + t> , we have 
■u + m < dim(y) — (a + £ + v). There is a closed subscheme : W V of codimension 
> dim(y) — (a + £ + -u) such that R~ v g<£ = (p^cf)* R~ v g\£, by the sublemma. Hence 

£r = Ext^ z/p , z (0*(iT>£ ® L 971), i?0 ! ^ r ) = 

again by Theorem 2.2.2 and Lemma 2.1.1. Thus we obtain the assertion. 

We next prove the case that £ is general. Take a bounded complex of Z/p r Z-sheaves £* which 
is concentrated in degrees < £ and represents £. Take a filtered inductive system {£*} AeA 
consisting of bounded complexes of constructible Z/p r Z-sheaves which are concentrated in 
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degrees < t and whose limit is £*. Then for q < c — £ — m, we have 

Wz((^' £ ) ® L ^ U V = K,zyz(£. Rg [ RHom(Wl, v Yr )) 

= lim A€ a 

= lim AeA Ext^ z/prz ((%,£I) ® L 971, = 

by the previous case. Here i?g ! denotes the twisted inverse image functor of Deligne [SGA4], 
XVIII, and we have used the adjointness between Rg l and Rg\. The second equality follows 
from the vanishing of the groups Exty" z 1 /prZ ((i?(7!£*) ® L 9Jt, v Y ,r) f° r all A G A and a standard 
argument which is similar as for (8.4.2) below. This completes the proof of the lemma. □ 

As a sepecial case of Lemma 7.1.2, we obtain 

Corollary 7.1.4 (Semi-purity). Under the same setting as in Lemma 7.1.2, we have 

T< c -xRg'Vy r = T< c -xRg x T = 0. 

Proof. For V etale separated of finite type over T, Q G \v Y , r , J 7 } and q < c — 1, we have 

Hom D+(T< / tiZ/p r Z) (Z/p r Z, J R/i ! ^[g]) = Rom DbiY , uZ/p r Z) (Rh l Z/p r Z, Q[q\) = 

by Lemma 7.1.2, where h denotes the composite map T' — > T — > F. Hence r< c -\RgQ = 0. □ 

7.2. Proof of Theorem 7.1.1. Let j : V ^ X and t : F <^-> X be as in §4.1. Put £ : = 
X r (n — c)^[— 2c], for simplicity. We first show 

Hom D 6 (X6tiZ/p r Z) i^*-Ri ! T r (n)x) = 0. (7.2.1) 

Indeed, for g:T:=ZxxF^F induced by /, we have 

Hom D 6 (x , t;Z/p r Z) (Rf\£, R^Ri le I r (n) x ) = Hom D 6 (nt;Z/p r Z) (-%!«*£, i?i ! T r (n) x ) 

by the adjointness between 6* and -Ri* and the proper base-change theorem: = Rg\a*, 

where a denotes the closed immersion T Z. The latter group is zero by Lemma 7.1.2 and 
a similar argument as for the vanishing (4.4.8). By (7.2.1) and Lemma 2.1.2 (1), it remains to 
show that the composite morphism 

#/,£ iy^®" ' i?^ ! S r (n) x [l] (7-2.2) 

is zero m D b (X 6t ,Z/p r Z). We show the following: 

Lemma 7.2.3. (1) Let {Z\}\eA be an open covering of Z with A finite, and let f\\ Z\—* X 
be the composite map Z\ Z — > X /or eac/i A G A. T/ien i/ie adjunction map 

Rom Db{x . ttZ/p r Z) (Rfi£,RL*RL-%.(n) x [l]) 

— ► 0AeA Hom D6(x . tiZ/p r Z) ( J R/ A! (£| z J, J R^ J Ri ! T r (n) x [l]) 

injective. 

(2) Assume that f is flat. Let Y' G Y be a closed subscheme of codimension > 1. Put 
U := X \ Y' . Then the following natural restriction map is injective: 

Hom D 6 (XttiZ/ pr Z) (i?/i£,i?i*i?i ! T r (n)x[l]) 

— ► Hom Di)([7aiZ/ pr Z) ((i?/ ! £)|[/, (i?i*i?i ! T r (n)x[l])|[/)- 
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Proof of Lemma 7.2.3. (1) It suffices to consider the case that A = {1, 2}. Put Z± 2 :— Z\ fl Z 2 . 
Let /12 be the composite map Z u Z — > X. There is a distinguished triangle of the form 

RfM&\ Zl2 ) Rfu(£\ Zl ) ® RfMzJ Rfi£ ^ Rfi2i(£\z 12 )[i]. 

Hence the assertion follows from the vanishing (7.2.1) for fi 2 : Z± 2 — > X . 

(2) Let <fi be the closed immersion Y' <^-> X. The kernel of the map in question is a quotient of 
Hom D brx 6t ,z/prz)(Rf\£, i?0*i?0 ! T r (n)x[l])- One can check that it is zero by a similar argument 
as for (7.2.1), noting that Y' x x Z has codimension > 1 in T by the flatness of /. □ 

We show that the composite morphism (7.2.2) is zero. We first assume that Z = F x (m > 1) 
and that / is the natural projection. By Lemma 7.2.3 (2), we are reduced to the case that Y 
is smooth. In this case, (7.2.2) is zero by Lemma 6.4.1. We next prove the general case. By 

Lemma 7.2.3 (1), we may assume that / is affine. Take a decomposition Z ~P X =: P — > X 
of / for some integer m > 0, where i is a locally closed immersion. We have morphisms 

RfiS, m * (Gysr+ " )[2m] > RK% r .(m + n) F [2m] % r (n) x , 

where tr^ is obtained from the vanishing of (7.2.2) for h. See Theorem 6.1.3 for Gys™" +n . Since 
this composite morphism extends tr^, we see that (7.2.2) is zero. This completes the proof of 
Theorem 7.1.1. □ 

The following corollary is a horizontal variant of Proposition 4.4.10: 
Corollary 7.2.4 (Projection formula). For f : Z — > X as before, the diagram 

tr'?® L id (4 2 7) 

Rf\1 r (m-c)z[-2c](g) L 1 r (n)x — > %(m) x ® T r (n)x > T r (m + n) x 

id(g. L /* 



Rf\1 r (m-c) z [-2c} ® L i?/*T r (n) z -^—4 fl/|X r (m + n - c)z[-2c] — - — >1 r (m + n) x 
commutes in D~(X(. t ,Z/p r Z). See Proposition 4.2.8 for f* : % r (n) x — > Rf*Z r (n)z. 

Proof. Because the diagram in question commutes on X[l/p], the assertion follows from Lemma 
2.1.2 (1) and a vanishing 

Honi£,-( X4t)Z /pr Z )(i2/|5 r (m-c)z[-2c] <g> L T r (n) x , Ri*Ri % r {m + n) x ) = 0, 
which one can check by Lemma 7.1.2 and a similar argument as for (7.2.1). □ 

7.3. Relative duality. Let / : Z — > X be as before. Let j : V <^-> X and 1 : F <^-> X be as in 
§4.1. Let T be the divisor on Z defined by the radical of (p) C O z . There is a commutative 
diagram of schemes 

Z[l/p] — Z T 
□ / 

V X Y. 

Put d := dim(X), 6 := dim(Z) and c := d — b. We prove the following result, which was 
included in the earlier version of [JSS]: 
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Theorem 7.3.1 (Relative duality). (1) tij induces an isomorphism 

trf : % r {b) z [-2c\ -^U Rf%(d) x in D b (Z 6t ,Z/p r Z). 
(2) There is a commutative diagram in D b (X 6t ,Z/p r Z) 

Ri*Rg<v h T - l [b - 1] -^U Rfft r (b) z [2b\ 



Rt*(tr 9 ) 



tr d { [2d] 



where tr g denotes the trace morphism in Remark 2.2.6 (3), and the arrow (tj) is induced 
by the isomorphism Rt*Rg\ = Rf\Ra* and the Gysin morphism Gys^ . 

To prove this theorem, we first note a standard fact (cf. [JSS], Lemma 3.8). 

Lemma 7.3.2. For a torsion sheaf J 7 on and an integer q > d, we have R q j^J r = 0. 

As an immediate consequence of Lemma 7.3.2 and (4.4.3), we obtain 

Lemma 7.3.3. The natural morphism r< d+1 i?t ! T r ((i)x — > Ri ] 1 r (d) x is an isomorphism in 
D b (Y^ t: Z/p r Z). Consequently, Gysf : v^\—d — 1] — > Ri-% r .(d) x is an isomorphism. 

Proof of Theorem 7.3.1. We first show (2). By Lemma 7.1.2 and a similar argument as for the 
vanishing of (7.2.2), one can reduce the assertion to Lemma 6.4.1 (2) and Corollary 6.3.3 (see 
also Remark 2.2.6 (3)). The details are straight-forward and left to the reader. We next show 
(1). Let tr-f : 1 r (b) z [— 2c] — > Rf% r (d) x be the adjoint morphism of tr^. Because (3*(tr-f) is 
an isomorphism by the absolute purity ([Th], [FG]), we have only to show that i?o; ! (tr^) is an 
isomorphism. By (2), there is a commutative diagram in D + (T^ t ,Z/p r Z) 



6-1 

y T,r 

tr9 



[6-1] Ra%(b) z [2b] 



Ra'-(tif)[2d] 

Rg^ d Y - l [d-l] fig!(Gysf)[M1 : Ra l RfX(d)x[2d}. 

The horizontal arrows are isomorphisms by Lemma 7.3.3 for Z and X, respectively. The left 
vertical arrow, defined as the adjoint morphism of tr g , is an isomorphism by [JSS], Theorem 
2.8. Consequently, i?a ! (tr^) is an isomorphism. This completes the proof of Theorem 7.3.1. □ 

Remark 7.3.4. By Theorem 7.3.1, % r (d) x [2d] is canonically isomorphic to the object V X p r G 
D b (X{. t ,Z/p r Z) considered in [JSS], Theorem 4. 4. 



8. Explicit formula for p-adic vanishing cycles 



In this section we construct a canonical pairing on the sheaves of p-adic vanishing cycles in 
the derived category, and prove an explicit formula for that pairing, which will be used in §9. 
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8.1. Setting. The setting is the same as in §3.2. Note the condition 3.2.1 assumed there. We 
further assume that K contains a primitive p-th root of unity and that k is finite. We put 

Vy := v Y1 , fx' := L*j*Lip and /i := fi p (K) (8.1.1) 

for simplicity. Note that /i' is the constant etale sheaf on Y associated with the abstract group 
Z/pZ), because the sheaf fi p on is constant and the sheaf on X is also constant 
by the normality of X (cf. [Tsl], 1.5.1). Now let N be the relative dimension dim(X/Ox)- Let 
n be a positive integer with 1 < n < N + 1. Put ri := N + 2 - n, M q := Mf = i*R q j*Li® q , 
and let U' be the filtration on M q defined in Definition 3.3.2. The aim of this section is to 
construct a morphism 

@n . Tjl M n jjl M n' \_ N _ 3] , ^ ^ [_ N _ ^ j n £)&(y^ Z/pZ) 

and to prove an explicit formula for this morphism (cf. Theorem 8.3.8 below). 

8.2. Construction of 0". Because /i' is (non-canonically) isomorphic to the constant sheaf 
Z/pZ, we will write // ® K. (/C e Z/pZ)) for the derived tensor product // Cg> L /C in 
D~(Y 6t , Z/pZ). For g with 1 < ? < iV + 1, fix a distinguished triangle 

(M q /U 1 M q )[-q-l] — A(g) — ^ r< q L*Rj*Lif q ► (M'/E^M^f-g], 

where the last arrow is defined as the composite T< q L*Rj*n® q — >• M 9 [-g] —> (M q /U 1 M q )[-q}. 
Clearly, A(g) is concentrated in [0,q], and the triple (A(g), t', g') is unique up to a unique 
isomorphism (and g' is determined by (A(q),t')) by Lemma 2.1.2 (3). We construct 0™ by 
decomposing the morphism 

A(n) (g> L A(n') ► (r <n L*Rj^f n ) L (r <n a*Rj,Lif n ') 

(8.2.1) 

► ^Rj.^ 2 

induced by the natural isomorphism Li® n ® yU® n ' ~ [i p N+2 in characteristic zero. By Lemma 
7.3.2 and the assumption that ( p G K, there is a morphism 

i*Rj^ N+2 ~ // ® (t^+i^*/^ 1 ) id0(4 - 2 - 1} ; // ® <[-7V - 1], (8.2.2) 
which, together with (8.2.1), induces a morphism 

A(n)® L A(n') > // <g> v$ [-N - 1] . (8.2.3) 

Noting that A(q) is concentrated in [0,g] with 7i q (A(q)) ~ U 1 M q ) we show the following: 
Lemma 8.2.4. There is a unique morphism 

A(n) (g) L (U 1 M n ' [-n']) > li' <g) v$[-N - 1] in D'^.Z/pZ) (8.2.5) 

i/iai t/ie morphism (8.2.3) factors through. 

Proof. There is a distinguished triangle of the form 

A(n) L (T< n /_iA(n')) -»• A(n) L A(n') -► A(n) ® L (E^AP' [-n']) -»• A(n) L (r< n /_iA(n'))[l]. 
By Lemma 2.1.2 (2), it suffices to show that (i) the morphism 

A(n) ® L (r< n ._iA(n')) ► A*' ® [— iV - 1] 

induced by (8.2.3) is zero and that (ii) we have 

Hom D - ( y 6tiZ/pZ) (A(n) ® L (r<„/_iA(n'))[l], // ® - 1]) = 0. 
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The claim (ii) follows from Lemma 2.1.1. As for the claim (i), because A(n) £g> L (r< n /_ 1 A(n / )) 
is concentrated in degrees < N + 1, the problem is reduced to the triviality of the induced 
map on the (N + l)st cohomology sheaves (cf. Lemma 2.1.1). One can check this by a similar 
argument as for Proposition 4.2.6. □ 

Applying a similar argument as for this lemma to the morphism (8.2.5), we obtain a morphism 

{U l M n [-n}) ® L (U l M n '[-n'}) ► // <g> u$[-N - 1]. (8.2.6) 

Finally because Z/pZ-sheaves are flat over Z/pZ, there is a natural isomorphism 

(E^APf-n]) ® L (f/ 1 M n '[— n']) ~ U 1 M n <g> U l M n '\-N - 2] in D~(Y 6t: Z/pZ) 

induced by the identity map on the (n + n')th cohomology sheaves. We thus define 6 n by 
composing the inverse of this isomorphism and the morphism (8.2.6). 

8.3. Explicit formula for n . We formulate an explicit formula (see Theorem 8.3.8 below) 
to calculate the morphism 6 n . Let 

X-.fJ.'® {uy/By) ► A*' ® v y [1] in D\Y 6U Z/pZ) 

be the connecting morphism associated with a short exact sequence ([Hyl], (1.5.1)) 

► ii'®*" idgS(1 " C ' 1) : n'®(u$/B$) > 0. 

Here By denotes the image of d : Uy _1 — > ojy , C^ 1 denotes the inverse Cartier operator defined 
in loc. cit. , (2.5) (cf. (9.3.2) below) and we have used the isomorphism ujy log ~ Vy in Remark 
3.3.8 (4). We next construct a key map f q ' n (cf. Definition 8.3.6 (2) below). Let e be the 
absolute ramification index of K and put e' := pe/{p — 1). Because K contains primitive p-th 
roots of unity by assumption, e' is an integer divided by p. Fix a prime element tt e Ok- Put 
s := Spec(k). Let £y (resp. C s ) be the log structure on Y (resp. on s) defined in §3.3. We use 
the trivial log structure s x on s and a map on Y& analogous to (3.3.5) 

rflog : Cf ► ^(YC Y )/(s^y (8- 3 - 1 ) 

Remark 8.3.2. (1) The composite of (8.3.1) with the canonical projection ^\yc Y )/{ s s x ) ~" ¥ 
uj\ agrees with the map d\og in (3.3.5). 
(2) Let If be the residue class of it in Cy under (3.3.4). Then we have dlog(w) = in uj\, 
but not in uj^ y Cy )/{ s s x )- Indeed, by the definition of relative differential modules ([Ka3], 
[KF]) ; there is a short exact sequence on Y 6t 

> Oy ► U; {YjCy)/{SjSX) > LUy > 0. 

The isomorphism (8.3.3) below follows from this fact. 

Now let n and q satisfy 1 < n < N + 1 and 1 < q < e' - 1. Put n' := N + 2 - n. Let U\ K be 
the etale subsheaf of i*j*0\ K defined in Definition 3.3.2, and put 

Symb- := U\ K ® {i^O^f^ 1 ® (^O^'' 1 . 

The sheaf U q M n ® U e '~ q M n ' is a quotient of Symb 9 '™ (cf. Definition 3.3.2): 
U q M n ® U e '- q M n ' = Im (Symb 9 ' n — »■ U x M n <g> U^M*'} . 
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We define the homomorphism of etale sheaves 

F q > n : Symb 9 '™ — >w$/B$ 

by sending a local section (1 + 7r 9 ai) © (©"-/ © (1 + Tr e '- q a 2 ) © (<g>£L„ Pi) with cei, a 2 G t'Oj 
and Pi, . . . , f3 N G t*j*Ox K , to the following: 

g • aiQ;2 • {^f=i dlogPi) + [ai ■ da{ A (A^ dlogPi)) mod £>y , 



where for x G t*Ojf (resp. x G i*j*O x ), a; denotes its residue class in CV (resp. in £f? under 
(3.3.4)) and g denotes the following CV-linear isomorphism (cf. Remark 8.3.2 (2)): 

g : — =-> ^+ 1 y)/(S)SX) , w i-> dlog(7f) A w. (8.3.3) 
Lemma 8.3.4. Let n and q be as above. Then F q > n factors through U q M n © U e '~ q M n> . 

Proof. Let F sing be the singular locus of Y, and let j Y be the open immersion Y \ Y sing <^-> F. 
Replacing X by X \ Y sing , we may assume that Y is smooth over s = Spec(fc), because Uy /By 
is a locally free (Cy) p -module and the canonical map uiy/By — > jY*j Y {oJ Y /By) is injective. 
We show that F 9 '™ factors through gr q J M n © gr^ _9 M n ', assuming that K is smooth. For m > 1 
and £ with 1 < £ < e' - 1, let 

p £,m . fi m-2 Q ^rn-l > gr ^M m 

be the Bloch-Kato map (cf. [BK], (4.3)) defined as 

\a ■ dlogPi A • • • A <flog/3 m _ 2 , 0) i-> {1 + tt £ 5,/^, . . .,£T 2 ,7r} mod f/ £+1 M m , 
(0, a • tflogA A • • • A dlog/3 m _i) i-> {1 + tt £ 5,/^, . . . ,/3 m _i} mod [7 £+1 M m 

for a G CV and each $ G (9y, where 5 G Ox (resp. each Pi G denotes a lift of a (resp. 
There are short exact sequences 

— > fty 1 " 2 -^U ft™' 2 © fi™- 1 gr^M" 1 — > (if P xe), , Q x 

<m (8.3.5) 

— > Z™- 2 © Z™- 1 tty 1 " 2 © ft™" 1 ^— ^ gr^M" 1 — > (if p\£), 

where 6 e ' m is given by ((— l) m ■ £ ■ u, du) (cf. [BK], Lemma (4.5)). Let 

h e ' m : u Xk © (t*j*e , l K ) 0m_1 — > Qy 1 - 2 ®^- 1 

be the map that sends (1 + n e a) © (©"I 1 A) with a G i*£> x and A G i*£>£ U {tt} to 

(0, a ■ Ai<i< m _i rflogA) (if Pi e t*O x for all i), 

^_ 1 )m-i- l ' . ^ . Ak^.!^, dlog/5j, 0) (if = 7r for exactly one i =: i'), 

(0, 0) (otherwise). 

Here for x G t'O^ (resp. x G x denotes its residue class in Oy (resp. in Oy). Now there 

is a diagram 



Qy/By, 
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where (f q ' n is defined as 

(uji, uj 2 ) <8> (c^3, 0J4) I— > g • cj 2 A cj 4 + (— l) n_1 • (du;i) A CJ4 + (— l)"'" 1 • cj 2 A oL> 3 mod By. 

In this diagram, the composite of the top row agrees with the symbol map, and the composite 

of h q > n <g> h e ~ q ' n and 

^,g,n a g rees w ith F q ' n (see also Remark 8.3.2 (2)). Hence to prove the 
assertion, it suffices to show that the subsheaf 

Ker{p q > n <g) /-«>»') C (fi Y " 2 © ^y" 1 ) ® (^y " 2 © < _1 ) 

has trivial image under {p q ' n , which follows from (8.3.5) with (£,m) = (q,n), (e' — q,n') (note 
that p\q p\(e' — q), because p\e'). Thus we obtain Lemma 8.3.4. □ 

Definition 8.3.6. (1) For (G/i = p P (K) with ( 7^ 1, let v(() G k x be the residue class of 
(1 — ()/ir e ^ p ^ G Oft. We define u :— ( <g) v(Q~ p G n®k, which is independent of the 
choice of ( 7^ 1. 

(2) Let k be the constant sheaf on associated with k. We define the homomorphism 

p,n . V q M n Ue'-q M n' „ ^ ^ ^ (ojy / By) {Uy / By) 

as u ®k {— l) N+n F q,n . Here we regarded u G fj, <S> k as a global section of fj,' <S>k, and F q,n 
denotes the map induced by F q,n (cf. Lemma 8.3.4). 

Remark 8.3.7. f q ' n is independent of the choice of n by the definitions of F q ' n andu. 

Now we state the main result of this section. 

Theorem 8.3.8 (Explicit formula). Assume that X is proper over B. Then for (q,n) with 
1 < q < e' — 1 and 1 < n < N + 1, the following square commutes in D b (Y&, Z/pZ): 

U q M n <g> U e '- q M n ' fi' ® (ojy 1 /By ) 

canonical 



U 1 M n ®U l M n ' Qn[N+2 \ fi'^u^l]. 



We will prove Theorem 8.3.8 in §§8.4-8.7 below. We will first reduce the problem to an induced 
diagram of cohomology groups of Y in §8.4, and then to an induced diagram of cohomology 
groups of higher local fields in §8.5. In §8.6, we will prove a Galois descent of invariant subgroups 
of Galois modules. We will finish the proof of Theorem 8.3.8 in §8.7 by computing symbols, 
whose details are standard in higher local class field theory (cf. [Kal]) but will be included for 
the convenience of the reader. 

8.4. Reduction to cohomology groups. In this step, we reduce Theorem 8.3.8 to the equal- 
ity (8.4.3) below. We first show the following: 

Proposition 8.4.1. Assume that Y is proper over Spec(/c). Let T be a Z/pZ-sheaf on 
Then for i G Z, the Yoneda pairing 

ff(F,^)xExt^(^,^) > H™(Y,v?) Z/pZ 

(see Theorem 2.2.4 for try) induces an isomorphism 

Ext £/S(^^y) - Hom(ff(F,^),Z/pZ). 
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Proof. If T is constructible, then the isomorphism in question is an isomorphism of finite groups 
by the duality theorem of Moser [Mo] (note that the complex v™ Y defined in loc. cit. is quasi- 
isomorphic to the sheaf v Yr by [Sat], 2.2.5 (1)). We prove the general case. Write T as a filtered 
inductive limit hm Ag A where A is a filtered small category and each T\ is a constructible 
Z/pZ-sheaf. Replacing {J r \}\<=A with their images into T if necessary, we suppose that the 
transition maps are injective. Since W{Y,!F) ~ lmi Ae A H l (Y, JF A ) and 

Hom(ff(y,JF),Z/pZ) ~ lim AeA Hom(rP(Y, JF A ), Z/pZ), 
it is enough to show that 

E<^(.F, i#) ~ lim AeA Ext{£$(.F A , (8.4.2) 

Take an injective resolution Vy — > J* in the category of Z/pZ-sheaves on The group 
Exty Z / pZ (jF, z/y ) (m G Z) is the m-th cohomology group of the complex Homy (JF, /*) ~ 
lim Ae A Homy(jF A , /•). Noting that Ext Y l z / pZ (J-'\, Vy ) is finite for any A G A and that the 
transition maps T\ — > JFy (A < A') are injective, we are reduced to the following standard fact 
on projective limits: 

Fact. Let A be a cofiltered small category, and let {C A } Ae A be a projective system of complexes 
of abelian groups. Form G Z and A G A, put H™ := H m (C A ) ; the m-th cohomology group ofC'. 
Now fix m G Z ; and assume that {C x 1 ~ 1 }\ e A, {CTIaga and {H™}\ € a satisfy the Mittag-Leffler 
condition. Then we have lim AeA H™ +1 ~ H m+1 (hm AeA C A ). 

This completes the proof of Proposition 8.4.1. □ 

We now turn to the proof of Theorem 8.3.8. Without loss of generality, we may assume that 
X is connected. Then by Proposition 8.4.1 for i = N, we have 

Rom Db{Y ^ /pZ) (U q M n <g) U e '- q M n '^' <g> [1]) 

~ Hom(H JV (Y, U q M n ® U e '~ q M n '),fi ® R N+1 (Y, ) 

Hence we are reduced to the equality of induced maps on cohomology groups 

H JV (Y, Q q > n ) = R N (Y, X o /«•"), (8.4.3) 

where we wrote Q q ' n for the composite morphism 

Qq ,n . jj qM n Tje'- qM n> conical ^ ^ ^ ^ ^ ^ ^ 

8.5. Reduction to higher local fields. In this step, (8.4.3) will be reduced to (8.5.3) below. 
We define a chain on Y to be a sequence (yo, yi, yi, ■ ■ ■ , Vn) of points (=spectra of fields) over 
Y such that yo is a closed point on Y and such that for each m with 1 < m < N, y m is a closed 
point on the scheme 

[Spec(---(K 2/0 )5 1 )---)L-J\{^-i}' 
where the superscript h means the henselization at the point given on subscript. For a chain 
(y , yi, • • • , yjv) on Y, each n(y m ) (0 < m < N) is an m-dimensional local field. We write Ch(Y) 
for the set of chains on Y. Now for /C G D b (Y 6t , Z/pZ) and c) = (y , y\, • ■ ■ , y^) £ Ch(Y), there 
is a composite map 

H°(^,/C) - Hj^OV-x./C) - • • • - H^(r v ,/C) -> H^ o (r 0i0 ,/C) - H^(F,/C). 
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Here F 0im (0 < m < N) denotes the henselian local scheme 

and the map R^ m (Y^ m , K) -> B.^-^ +1 {Y^ m _ u K) (1 < m < N) is defined as the composite 

H£r»(n, m , /c) = H£-»»(n,m-i \ 0/™-i}, /c) — ► H"-»(n,m-i \ 0/m-i}, k) 

H l"-T +1 (n,m-l^). 

Taking the direct sum with respect to all chains on Y, we obtain a map 

M£) : B. (y N ,]C) > R N (Y,JC). 

(2/0,2/1,- ,2/Af)GCh(Y) 

Lemma 8.5.1. JTie map 5 Y (U q M n <g> U e '~ q M n ') is surjective. 

Proof. By Theorem 3.3.7, the sheaf U q M n ®U e '~ q M n ' is a finitely successive extension of etale 
sheaves of the form T ®G, where T and Q are locally free (CV) p -modules of finite rank and 
the tensor product is taken over Z/pZ. We are reduced to the following sublemma. 

Sublemma 8.5.2. Let Z be a noetherian scheme which is of pure- dimension and essentially of 
finite type over Spec(/c). Put d := dim(Z). Let T and Q be locally free {O zf '-modules of finite 
rank. Then: 

(1) For any x G Z and i > codim^(x), H l x (Z, T <S>G) is zero. 

(2) We have W(Z,T ® Q) = for i > d, and the natural map ® xeZ d H^(Z, T ® Q) — > 
H d (Z, T <S> G) is surjective. 

(3) If Z is henselian local, then H l (Z, T <S> G) is zero for i > 0. 

Proof of Sublemma 8.5.2. Since the absolute Frobenius morphism F z : Z — > Z is finite by 
assumption, we have H*(Z, .T 7 ®^) ~ H*(Z, F Z *(T®£)) and H*(Z, ~ H*(Z, F Z *(.F<8>C?)) 

for any rr G Z. Hence we are reduced to the case where T and Q are locally free C^-modules 
of finite rank. 

We first show (3). Let R be the afline ring of Z, which is a henselian local ring by assumption. 
Let R sh be the strict henselization of R. Without loss of generality, we may assume that T = 
G = O z . By the isomorphism R q {Z, O z <g> O z ) ~ H^G^, i? sh <g> i? sh ) with G R := G&\{R sh /R), 
our task is to show that the right hand side is zero for q > 0. We show that for a finite etale 
galois extension R'/R with Galois group G := Gal(R'/R), we have H q (G, R'®RI) = for q > 0. 
Indeed, by taking a normal basis, we have R' ~ R[G] as left _R[G]-modules, and there is an 
isomorphism of left G- modules 

R[G] <g> R[G] — i2[G] <g> a[#] <g> 6[/i] i-> afo] <g> 

where a and b (resp. 5 and h) are elements of i? (resp. of G), and denotes the abelian 

group R[G] with trivial G-action. Hence R' ® i?' is an induced G-module in the sense of [Se], 
1.2.5 and we obtain the assertion. 

We next prove (1) and (2) by induction on d and a standard local-global argument (cf. [Ra], 
1.22). The case d — follows from (3). Assume d > 1 and that (1) and (2) hold true for 
schemes of dimension < d — 1. We first show (1). Indeed, the case codim^(a;) = follows from 
the case d — 0. If codim^(x) > 1 and i > 1, then the connecting homomorphism 

5 loc (/C):ff- 1 (Spec(C»| ) J\{x},^®^) ► H*(Spec((%),.F®£) = H*(Z,.F®£) 



p-ADIC ETALE TATE TWISTS 45 

is surjective by (3), and the left hand side is zero for i > codimz(a;) by the induction hypothesis. 
Thus we obtain (1). Finally one can easily check (2) by (1) and a local-global spectral sequence 

This completes the proof of Sublemma 8.5.2 and Lemma 8.5.1. □ 
By Lemma 8.5.1, (8.4.3) is reduced to the formula 

R%y N ,Q^)=R%y N , X of^) (8.5.3) 
for all chains {yo,yi, ■ ■ ■ ,Vn) £ Ch(Y), which will be proved in §8.7 below. 

8.6. Galois descent by corestriction maps. We prove here the following lemma: 

Lemma 8.6.1. Let F be a field of characteristic p > 0. Let V± and V 2 be discrete Gf-Z/pZ- 
modules which are finitely successive extensions of finite direct sums of copies of F as Gf- 
modules. Then (Vi <E> V 2 ) Gp agrees with 

u im((vi) G *" <g) (v 2 ) G ^ (Vi <g> v 2 ) G r' corcSF,/F ) (V! <g> v 2 ) G A, 

F'/F: finite galois ^ ' 

where all tensor products are taken overZ/pZ, and F' runs through all finite galois field exten- 
sions of F contained in F. 

Proof. It suffices to show the case Vi = V 2 = F. We prove that the corestriction map 

cores F y F ■ F' <g) F' > (F' <g) F') G , x <g> y h-> S 9eG gx <g> gy 

is surjective for a finite galois extension F'/F with G := Gal(F'/F), which implies the assertion 
by a limit argument. Since F' ~ F[G] as F[G] -modules, we have 

(F' <g> F') G ~ (F <g> F) <g> (Z/pZ[G] <g> Z/pZ[G]) G 

by the finiteness of G and the flatness of Z/pZ- modules over Z/pZ. Hence the surjectivity of 
coresp'/F follows from that of the map 

Z/pZ[G] <g> Z/pZ[G] ► {Z/pZ[G] <g> Z/pZ[G]) G , x <g> y i-> S 9€G <g> gy. 

Thus we obtain the lemma. □ 

8.7. Proof of (8.5.3). In this step, we finish the proof of Theorem 8.3.8. Fix an arbitrary chain 
(y ,yi, •■■ ,y N ) £ Ch(Y). Put F N : = n(y N ) and 

L N+1 :=ftac[(-((^)i)-)jj, 

where L N+ i is a henselian discrete valuation field (of characteristic 0) with residue field F N , 
that is, Ln + i is an (N + l)-dimensional local field. Now let F/F/v be a finite separable field 
extension. Put y := Spec(F) and 

A* n (F) : = H°(y, U q M n ) <g> H°(y, [/ e '-«M n ') C H°(y, f/W n <g> U e '' q M n '). 

By Lemma 8.6.1 (for the subfield (F/v) p C F/v) and the naturality of corestriction maps, the 
formula (8.5.3) for y^ is reduced to the formula 

H°(y,e^)U<,,n (F) = H°(y, X o /«>")U„n (F) . (8.7.1) 

To prove this equality, we compute the left hand side, i.e., the composite map 

A q ' n (F) H°(y,f/W n ®f/ e '-W™') H " fa ' e9 ' n) ) // ® H 1 (y, ^i og )- ( 8 - 7 - 2 ) 
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Let L/L N+ i be the finite unramified extension corresponding to F/F N . For % > 0, put kf 1 ^) := 
K^ I {L)/pKf I {L). By a similar argument as for [BK], (5.15), we have 

A*>»(F) = {U«kM(L)/U*'kM(L)} ® {U^ q k^(L)/U^'k^(L)}. 

Let us recall that 1 < q < e' — 1 by assumption. In view of the construction of O n (cf. §8.2) 
and the fact that U e ' +1 k^ +2 (L) = ([BK], (5.1. i)), the map (8.7.2) is written by the product 
of Milnor K-groups and boundary maps of Galois cohomology groups: 



A*> n (F) U e 'k% +2 (L) Ga '° is symb °'> R N + 2 (L,fi® N+2 ) 



where L ur denotes the maximal unramified extension of L, and the third arrow is obtained from a 
Hochschild-Serre spectral sequence together with the facts that cd p (F) = 1 and cd p (L ur ) = N+l 
(cf. Lemma 7.3.2). Here we compute the product of symbols: 

Lemma 8.7.4. For a,\, a 2 E Ol\ {0} and Pi, . . . , Pn e L x , we have 

{1 + TT'C*!, A, • • • , Pn-1: 1 + ^'^2, Pn, ' ' " , M = (-1)"+" • ? • {1 + 7T e ' a,a 2 , (3 U . . . , (3 N , Tf} 

+ (-l) n • {1 + 7r e '«ia 2 , «i, A, • • • , Pn} 
in kfJ +2 (L). The second term on the right hand side is zero if Pi belongs to 0£ for all i. 

Proof We compute the symbol {1 + 7i q ai, 1 + 7T e '~% 2 } e k 2 (L): 

{1 + tt^!, 1 + ir e '~ q a 2 } = {1 + tt^! + v/o^aa, 1 + vr e '" 9 a 2 } 

- {(1 + n q ai + 7r e 'aia 2 )(l + 7r«ai)~\ 1 + 7r e '- q a 2 } 

= — {1 + 7i q ai + 7T 6 CKiQ;2, — 7T 9 «i} 

= - {1 + 7r e 'aia 2 (l + vr^ai)" 1 , -7r q a l } 

= — {1 + 7T 6 'q;iQ;2, 7T 9 a;i}. 

(1) follows from the equality {1 + x 1 x 2 ,Xi} = —{1 + x±x 2 , —x 2 } (applied to the first term) and 
the fact that the second term is contained in U e ' +1 k 2 {L) = ([BK], (4.1), (5.1. i)). (2) follows 
from the equality {1 + x, —x} = 0, and (3) follows from loc. cit., (4.3). The equality assertion 
in the lemma follows from this computation. The last assertion follows from loc. cit., (4.3) and 
the fact that = 0. □ 

To calculate the last two maps in (8.7.3), we need the following lemma, which is a kind of 
explicit formula for L (see §8.3 for u and x): 

Lemma 8.7.5. The following square commutes: 

Sip (ijl ® k) ® fc (n£/B£) 



H°(y,x) 



1.7.6) 
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where the bottom arrow is the composite of the last two maps in (8.7.3) and p e ' denotes the Bloch- 
Kato map sending a ■ dlog(/3i) A • ■ • A dlog(P^) (a G F, G F x ) to {1 + ix e 'a,Pi, . . . ,Pn,tt} 
(a and Pi 's are lifts of a and Pi 's, respectively) . 

Proof This commutativity would be well-known to experts (cf. [Ka4] for the case p > N + 3, see 
also [FV], VII. 4). However we include here a simple proof using a classical argument originally 
due to Hasse [Has] to verify the above commutativity including signs. By [Kal], p. 612, Lemma 
2, the bottom horizontal arrow of the diagram (8.7.6) maps 

C U Inf(x) U U %, . . . , Pm, ti} h-> ( ® {-x) U (dlog(A) A • • • A dlog(p N )) 

for ( G /i, x G H 1 (F, Z/pZ) and Pi E F x . Hence it is enough to show the following: 

Claim. Fix a primitive p-th root of unity ( p E n, and consider the composite map 

F— >H 1 (F,Z/pZ)-^>H 1 (L,Z/pZ) H 1 ^, ^ p ) ^ L x /(^ x ) p , 

where the first map is the boundary map of Artin-Schreier theory and the last isomorphism is the 
inverse of the boundary map of Kummer theory. Then this composite map sends —v(( p )~ p a E F 
to 1 + 7r e a mod (L x ) p , where a denotes a lift of a to Ol (note that U e+l L x C (L x ) p ). See 
Definition 8.3.6 for the definition of v(( p ). 

Proof of Claim. It suffices to show that a G F maps to 1 — (1 — ( p ) p a mod (L x ) p . Consider 
the following equations in T over F and L, respectively: 

T p -T = a, (8.7.7) 
T p = 1 - (1 - ( p ) p ■ a. (8.7.8) 

We show that the Artin-Schreier character Gp — *• Z/pZ associated with (8.7.7) induces the 
Kummer character G L — > /i associated with (8.7.8) by the composition G L — > Gp — > Z/pZ — > /i. 
Let /3 G L be a solution to (8.7.8). By the congruity relation 

(_l)p.p=(l_ Cp )p-i mod vr e '0 L , 

one can easily show that /3 is contained in Off and that 

7 := (1 - P)/{1 - Q mod nOYeF 

is a solution to (8.7.7). Moreover, a G Gl satisfies a(P)/P = ( p l G pL if and only if (7(7) — 7 = 
m G Z/pZ, where acts on F via the canonical projection Gl — ► GV. Thus we obtain the 
claim and Lemma 8.7.5. □ 

We now turn to the proof of (8.7.1). Let a u a 2 EO L \ {0}, and fteO^ {vr} (1 < i < iV). 
By Lemmas 8.7.4 and 8.7.5, the value of the symbol 

{1 + 7T q a>i, Pi, • • • , /3 n _i} ® {1 + vr e '-% 2 , /3 n , • • • , M e U q k^f(L) ® U e '-^k^ (L) 

under (8.7.2) agrees with the value of the following element of // (g> (Vlp/Bp) under H°(y, 

'u ® fc (-l)" +JV [g • aTaJ • (A^jy cflogA) mod (if ft G O* for all i), 

u ® k (— l) n+N+l '\oi2~ ■ dal A (Ai<j<Ar 5 j^j' dlogPi) mod (if Pi — n for exactly one i =: i'), 

(otherwise), 
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where fori € (resp. x G 0£), x denotes its residue class in F (resp. in F x ). Thus comparing 
this presentation of (8.7.2) with the definition of f q ' n (cf. §8.3), we conclude that the equality 
(8.7.1) holds. This completes the proof of Theorem 8.3.8. □ 



9. Duality of p-adic vanishing cycles 

In this section we prove Theorem 9.1.1 below, which will be used in §10. 

9.1. Statement of the result. Let the notation be as in §8.1. We prove the following: 

Theorem 9.1.1. Let n bel<n<N+l and put n' := N + 2 — n. Assume that X is proper 
over Spec(O^). Then for an integer i, the pairing induced by 6 n and try {cf. Theorem 2.2.4) 

a* : W{Y, U x M n ) x H N '\Y, U x M n ') n <g> H N+ \Y, v») n (9.1.2) 

is a non- degenerate pairing of finite Z/pZ-modules. 

To prove this theorem, we first calculate the map f q ' n defined in §8.3 (cf. Lemma 9.1.4 below). 
Let U'M n and VM n be as in Definition 3.3.2. We further define the subsheaf T q M n C U q M n 
(q > 1) as the part generated by V q M n and symbols of the form 

{1 + 7TW,/V-- ,Pn-l} 

with a G i* Ox and each $ G L*j*0 Xl{ . By definition we have 

U q+1 M n C V q M n C T q M n C U q M n . 

For q > 1, we put 

gr q u/T M n := U q M n /T q M n , gr q T/v M n := T q M n /V q M n 

and gr q v/u M n := V q M n /U q+1 M n . 

Let us recall that e' = pe/(p — 1) is an integer divided by p (because ( p G K). By Theorem 
3.3.7 (3), (4), the sheaf U e ' M n is zero, and for q with 1 < q < e' — 1 we have isomorphisms 




p 2 .gr T/v M > <j n ^ 



<l,n . „ T Q A/fn - , , .71-2 / 7 7i-2 



given by the following, respectively: 

p\ n : {1 + ir q a, A, • • • , mod T q M n h-> a • (A^ 1 rflogA) mod ZJT 1 , 

P r : {1 + ttW, A, • • • , mod - « P • (A?=i rfl °gA) mod (p/?), 

pf 1 : {1 + 7T«a, /3i • • • , (3 n - 2 , tt} mod f/« +1 M n a ■ (A™^ 2 rflogA) mod Z^~ 2 . 

Here a (resp. each denotes a local section of (resp. t*j*0 XK ), and a (resp. /%) denotes 
its residue class in Oy (resp. in £fP under (3.3.4)). The following lemma follows from straight- 
forward computations on symbols, whose proof is left to the reader (cf. Remark 8.3.2 (2), 
Definition 8.3.6): 

Lemma 9.1.4. Let n and n! be as in Theorem 9.1.1, and assume 1 < q < e' — 1. Then: 



p-ADIC ETALE TATE TWISTS 49 

(1) f q > n annihilates the subsheaf ofU q M n ® U e '- q M n ' generated by U q+l M n ® U e '~ q M n ' , 
U q M n ® U e '~ q+1 M n ', V q M n ® T e '~ q M n ' and T q M n ® V e '-<?M n '. 

(2) T/ie composite map 

u^/Zr 1 ® ^- 2 /Z$- 2 W n ® p *~ q,n) -\ gT q u/T M n ® gr^M"' ^ // (g) (u$/B$) 
sends a local section x ® y to u®k (— l) n • (dx) A y. Similarly, the composite map 

cu^/Z^ 2 ® ou^/Z?- 1 ( " r ®"° — ^ gr^M™ ® gr^M"' ^ // ® (u$/B$) 

sends a local section x ® y to u®k (— 1) N • x A dy. 

(3) // q is prime to p, then the composite map 

Z^/By' 1 ® Zy'^/B^' 1 (pr8pr "" ) ' 1 > gr« /v Jlf <g> g4jv Mn ' K7#y) 
sends a local section x ® y to u®k (—l) N+n q ■ x Ay. 



9.2. Proof of Theorem 9.1.1. In this subsection, we reduce the theorem to Lemma 9.2.7 
below. The finiteness of the groups in the pairing (9.1.2) follows from the finiteness of k, 
the properness of Y and the fact that the sheaves U 1 M n and U 1 M n are finitely successive 
extensions of coherent (CV) p -modules (cf. (9.1.3)). To show the non- degeneracy of (9.1.2), we 
introduce an auxiliary descending filtration Z r M n (r > 1) on U l M n defined as 

'U q M n (if r = 1 mod 3 and q = (r + 2)/3), 
Z r M n := J T q M n (if r = 2 mod 3 and q = (r + l)/3), 
V q M n (if r e mod 3 and g = r/3). 

Note that Z l M n = U l M n and Z r M n = for r > 3e' - 2. We first show 

Lemma 9.2.1. Assume 1 < r < 3e' — 3. T/ien: 
(1) TTie composite map 

R N (Y, U l M n ® Z 3e '- 2 - r M n ') ► YL N (Y, U l M n ® U l M n ') 

H2iV+3(Y ' 9 " ) : ^h^(y>?) 



induces a map 

YL N (Y,(U l M n /Z r+l M n )® Z 3e '- 2 ~ r M n ') ► //. (9.2.2) 

(2) The composite map 

R N (Y,gr r z M n ® Z 3e '- 2 ~ r M n ') ► H^Y, (U 1 M n / Z r+1 M n ) ® Z 3e '~ 2 ~ r M n ') 



(9.2.2) 
► f* 



induces a map 

R N (Y,gT r z M n ®gT 3 z e '- 2 - r M n ') ► /I. (9.2.3) 
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(3) We put 



= {U 1 M n /Z r+1 M n ) © Z 3e '- 2 ~ r M n ', 



:= T r ' n j(gf z M n ® Z 3e '- l - r M n '^j , 

:= gr r z M n © gr| e '- 2 - r M n ' 

(note that gr r z M n © Z 3e '- l - r M n ' is a subsheaf of J rr ' n , because a Z/ pi-sheaf is flat over 
Z/pZ). Then the map (9.2.2) induces a map 

(9.2.4) 



H N (Y,g r > n 



If r > 2, then this map makes the following diagram commutative: 
R N (Y, H r ' n ) © H JV (Y, jF r ~ 1,n ) ► H^Y,^'") 



(9.2.3)® 



(9.2.2) for r-1 



(9.2.4) 



(9.2.5) 



/I © /i 



product 



where the top horizontal arrow is induced by a natural inclusion TC r,n © T T ,n C £ r ' n . 

Proof of Lemma 9.2.1. We prove only (1). (2) and (3) are similar and left to the reader. We 
use the notation we fixed in (3). Let q be the maximal integer with 3(g — 1) < r. Noting that 
Z r M n © Z 3e '- 2 - r M n ' C U q M n © U e '~ q M n ', consider the composite map 



H N (Y, Z r M n © Z 3e '' 2 ~ r M n ') 



R N (Y,U 1 M n (E)Z 



r3e —2—r Ti/rn 



M n ') 



(*) 



where the arrow (*) denotes the first composite map in (1). By Theorem 8.3.8 (cf. (8.4.3)), this 
composite map agrees with that induced by x ° f q ' n - By Lemma 9.1.4 (1), f q ' n annihilates the 
subsheaf Z r+1 M n © Z 3e '" 2 " r M n ' of Z r M n © Z 3d '" 2 " r M n ' . Hence the arrow (*) induces a map 
of the form (9.2.2) by the short exact sequence of sheaves 

Z Ze'~2-r M n> > {J 1 M n ® Z 3e ' ^ ' M n> 







□ 



— ► Z r+1 M n © Z 3e - 2 ~ r M n — ► U 1 M n 
and Sublemma 8.5.2 (2) (cf. (9.1.3)). Thus we obtain the lemma. 

Now we turn to the proof of Theorem 9.1.1. By the trace maps (9.2.2) and (9.2.3), there are 
induced pairings 

b l > r : W(Y ) U 1 M n /Z r+l M n ) x H^Y, Z 3e '- 2 - r M n ') 

c i,r . W(Y,gT r z M n ) X U. N ~^ V ~_3e'-2-r 



l (Y,grf- 2 - r M n ) 



(9.2.6) 



for % and r with 1 < r < 3e' — 3. Note that b' l ' 3e '~ 3 = a' 1 and b hl = c 1 ' 1 . By the commutative 
diagram (9.2.5), there is a commutative diagram with exact rows for r > 2 (after changing the 
signs of (b) suitably) 

W- 1 {Y,U 1 M n /Z r M n ) W(Y,gr r z M n ) -> H*(y, t/ 1 M n /Z r+1 M n ) -> H*(y, U 1 M n /Z r M n ) -> H !+1 (y,gr r z M") 



H'+^y.Z'+'M"')' ^ H*(y,gr' z M n ') 



H*(y, z t M n 'y 



R e (Y,Z t+1 M n 'y ^ H^-^ygr^M™')* 



where we put £ := N — i, t := 3e' — 2 — r and := Hom(E, //) for a Z/pZ-module E 1 . Hence 
Theorem 9.1.1 is reduced to the following lemma by induction on r > 1 and the five lemma. 

Lemma 9.2.7. c l,r in (9.2.6) is non- degenerate for any i and r with 1 < r < 3e' — 3. 
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We prove this lemma in the next subsection. 

9.3. Proof of Lemma 9.2.7. We first give a brief review of linear Cartier operators. Let 
(s, C s ) and Cy be as in §8.3, and let (¥', Cy) be the log scheme defined by a cartesian diagram 



pri 



pr 2 



□ 



■pabs 



(Y, Cy) 



[s, C s 



(9.3.1) 



where denotes the absolute Frobenius on (s,C s ). Let pr 2 : Y' — > Y be the underlying 

morphism of schemes of pr 2 , and let F Y / S : Y — > Y' be the unique morphism of schemes such 
that pr 2 o Fy/ S agrees with the absolute Frobenius on Y. Note that Fy/ S is a finite morphism of 
schemes. We put ujy, := ^(y' t c Y ,)/(s,c s ) f° r simplicity, where we regarded (Y',Cy) as a smooth 
log scheme over (s,C s ) by pr 1 in (9.3.1). By [KF], 5.3 and the same argument as for [Kz], 7.2, 
there is a CV'Tinear isomorphism 

(9.3.2) 



N 



C Un : LUy 



Fy/ S , {tJy /By). 



(The following composite map gives the inverse Cartier operator C 1 defined in [Hyl]: 

JV canonical N P£2»(C l lin 1 ) , jy jy , 

Wy ► pr_2*^y' ► ££2*^7/8*^7/%] - Wy/Dy. J 

Now we start the proof of Lemma 9.2.7. Let C\ in be the inverse of C^. By [Hy2], 3.2 and 
the same argument as for [Mil], 1.7, there are CV'-bilinear perfect pairings of locally free 
CV/-modules of finite rank 

Fy/^W 1 /^" 1 ) x F Y/ „(<4- 2 /Z$- 2 ) — <„ (x,y) h- C lin ((dx) Ay), 
F^^ZrV^y" 1 ) x Fy/^Z?'" 1 /^'- 1 ) — (x,y) » Q hl (xAy), 

F Y/s *{uy- 2 /Z Y - 2 ) x Fy^K'- 1 /^'- 1 ) — (x,y) ^ C lin (xAdy). 

By [Hy2], Theorem 3.1 and the Serre-Hartshorne duality [Hal], uj y , is a dualizing sheaf for V 
in the sense of [Ha3], p. 241, Definition. Hence by (9.1.3) and Lemma 9.1.4, the pairing 



W(Y,gr r z M n ) x H JV -»(y,grf 



„3e'-2-r 



fi0R N (Y,cu^/B^ 



idlgitr' 



Y/s 



fj,<S> k 



(q is the maximal integer with 3(q — 1) < r) is a non-degenerate pairing of finite-dimensional 
/c-vector spaces. Here tr y / s denotes the /c-linear trace map 



k. 



Finally, c l,r is non-degenerate by commutative squares 

K N (Y,gi r z M n ®g? z e '- 2 ~ r M n ') -^U fi(S)R N (Y,u;^/B^) 

(9.2.3) 



id®tr' 



Y/s 



ld&itry- 



r k/¥ p 



where the left square commutes by Theorem 8.3.8 and the right square commutes by a similar 
argument as for [Sat], 3.4.1. This completes the proof of Lemma 9.2.7 and Theorem 9.1.1. 
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10. Duality of p-adic etale Tate twists 

In this section we prove Theorem 1.2.2 using Theorem 9.1.1. 

10.1. Statement of the results. The setting is the same as in §4.1. In this section, we assume 
that X is proper over B = Spec(A), and that A is either an algebraic integer ring (global case) 
or a henselian discrete valuation ring whose fraction field has characteristic and whose residue 
field is finite of characteristic p (local case). Let d be the absolute dimension of X. Throughout 
this section, n and r denote integers with < n < d and 1 < r. The aim of this section is to 
prove the following duality results: 

Theorem 10.1.1. Assume that A is local. Then: 

(1) There is a canonical trace map ti( X ,Y) '■ Hy +1 (X, Z r (d)x) — > Z/p r Z, which is bijective 
if X is connected. 

(2) Fori G Z, the natural pairing arising from (4.2.7) and trrx,Y) 

W Y {X,% r {n) x )><^ 2d+1 - i {X,% r {d-n)x) ► Z/p r Z (10.1.2) 

is a non- degenerate pairing of finite Z/p r Z-modules. 

Theorem 10.1.3 (1.2.2). Assume that A is global. Then: 

(1) There is a canonical trace map tlx '■ H^ d+1 (X, % r (d) x ) — > Z/p r Z, where the subscript c 
means the etale cohomology with compact support {see §10.2 below). If X is connected, 
then ti x is bijective. 

(2) For i G Z, the natural pairing arising from (4.2.7) and tr x 

Ri(X,Z r (n) x ) x R 2d+1 - l (X,Z r (d-n) x ) ► Z/p r Z (10.1.4) 

is a non- degenerate pairing of finite Z/p r Z-modules. 

In §10.2, we will define the localized trace map ti(x,Y) an d the global trace map tr^- After 
showing a compatibility of these trace maps, we will reduce Theorem 10.1.3 (2) to Theorem 
10.1.1 (2). We will prove Theorem 10.1.1 (2) in §§10.3-10.5. 

Remark 10.1.5. If A is local, there is a natural pairing of finite r Ljp r "L-modules 

W(V,i2f r n ) x H 2d - < (V',^|f , - n ) ► R 2d (V, up) ~ Z/p r Z, (10.1.6) 

where V denotes Xk with K := Frac(A). As is well-known, this pairing is non- degenerate by 
the Tate duality for K and the Poincare duality for Vjf. Theorem 10.1.1 (2) does not follow 
from these facts, although Theorem 10.1.1 implies the non- degeneracy of (10.1.6). We will 
deduce Theorem 10.1.1 (2) from Theorems 2.2.4 and 9.1.1. 

10.2. Trace maps. We first construct the localized trace map tr(x,y), assuming that A is 
local. Let i : Y X be the natural closed immersion. By Lemma 7.3.3 and Theorem 2.2.4, 
H y (X, % r (d)x) is zero for any i >2d + 2. We define tr^ x ,Y) as the composite 

tT { x, Y) :B 2 Y d+1 (X,% r (d) x ) H^y-,4; 1 ) Z/jfZ, 

which is bijective if X is connected (i.e., Y is connected). We next define the global trace map 
trx, assuming that A is global. For a scheme Z which is separated of finite type over B and an 
object K, G D + (Z 6t , Z/p r Z), we define U*(Z, K.) as B.*(B, Rf\JC), where / denotes the structural 
morphism Z — > B and H*(S, •) denote the etale cohomology groups with compact support of 
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B (cf. [Mi3], II. 2). By the Kummer sequence (4.5.3) and the isomorphism Hj?(£?,G m ) i 
(cf. [Mi3], II.2.6), there is a trace map E. 3 c (B,Z r (l) B ) -> Z/p r Z (cf. [JSS], Corollary 4.3 (a)) 
We normalize this map so that for a closed point i 8 : s <^-> B, the composite map 



HH^Z/^Z) ^ H3(S,T r (l) B ) 



Z/p r Z 



coincides with the trace map of s (defined in 2.2.4 (1)). We define the trace map trx as the 
composite 



tr x :K 2 c d+1 (X,Z r (d) x ) 



Kl(B,%(l) B ) 



Z/p r Z, 



where the first arrow arises from the trace morphism in Theorem 7.1.1. The bijectivity assertion 
for trx in Theorem 10.1.3 (1) will follow from 10.1.3 (2). We show here the following: 

Lemma 10.2.1. Assume that A is global. Then there is a commutative diagram 



R 2 y d+1 (X,%(d) X ) 



Kt d +\X,Z r (d) x ) 



tr 



(X,Y) 



Z/p r Z 



Z/p r Z, 



where the arrow 6* denotes the canonical adjunction map and trpf,y) denotes the sum of the 
localized trace maps for the connected components ofY. 

Proof. Let {Yj}i e j be the connected components of Y . Let x be a closed point on Y with 
i x : x <— >• X. Noting that Hy +l (X, % r {d) x ) ~ ©j e / Z/p r Z, consider a diagram 



H 1 (a;,Z/p r Z) 



K™+\X,Z r (d) x ) 



Hl d +\X,Z r (d) x ) 



tT (X,Y) 



Z/p r Z 



Z/fZ. 



Since the left square commutes, it suffices to show that the composite of the upper row is 
bijective and that the outer rectangle is commutative. The composite of the upper row agrees 
with the trace map for x by Theorem 2.2.4 (1). In particular it is bijective. The composite of 
the lower row agrees with the trace map for x by Theorem 7.3.1 (2). We are done. □ 

We reduce Theorem 10.1.3 (2) to Theorem 10.1.1 (2). Assume that A is global. We use the 
notation in §4.1. Put X s := T_I seS X x B B s . Since j*Z r (n) x ~ //® r n , there is a distinguished 
triangle 

Z r ( n ) x Ri^% r {n) x ► j,fi® n [l] -^U Z r (n) x [l], 

where the arrow i* (resp. j\) denotes the canonical adjunction morphism id — * Ri*i* (resp. 

~ * id)- By Lemma 10.2.1 and the proper base-change theorem: H*(Y, L*Z r (n) x ) ~ 
H*(X S , % r (n) Xs ), we obtain a commutative diagram with exact rows (after changing the signs 
of (b) suitably) 

ff-^E.SrWxs)- Hj(V,Mfr n ) - W c {X,% r {n) x ) -^W(Xv;,%(n) Xs ) - Hj+^V,/^) 



(10.1.2) 



(10.1.4) 



(10.1.2) 



R e Y +1 (X,1r(m) x r H K\V,vf r m )* - K\X,1 r (m) x y - H y (X, %.(m)xY 



0) 



H 



e-i 



54 



K. SATO 



Here the superscript * means the Pontryagin dual and we put I := 2d + 1 — % and m := d — n. 
The lower row is the dual of the localization long exact sequence and the vertical arrows arise 
from duality pairings. The arrows a are isomorphisms of finite groups by the Artin-Verdier 
duality and the absolute purity [Th], [FG]. Thus Theorem 10.1.3 (2) is reduced to Theorem 
10.1.1 (2) by the five lemma. 

10.3. Reduction to the case r = 1. We start the proof of Theorem 10.1.1 (2), which will 
be completed in §10.5. By the distinguished triangle in Proposition 4.3.1 (3), the problem is 
reduced to the case r — 1. Furthermore we may assume that K = Frac(A) contains a primitive 
p-th root of unity ( p . Indeed, otherwise the scalar extension Xa> '■= X <S>a A', where A' denotes 
the integer ring of K(( p ), again satisfies the condition 4.1.1 over Spec(A). Hence once we show 
Theorem 10.1.1 (2) for Xa>, we will obtain Theorem 10.1.1 (2) for X by a standard norm 
argument and Corollary 7.2.4. 

10.4. Descending induction on n. Assume that ( p G K and r — 1. We prove this case 
of Theorem 10.1.1 (2) by descending induction on n < d. Let N be the relative dimension 
dim(X/B). If n = N + 1(= d), (10.1.2) is isomorphic to the pairing 

w- n ~ 2 (y, i/^y x H^-^y, z/pz) — > r n+1 (y, i/*y ~ z/ P z 

by the proper base-change theorem and Lemma 7.3.3. This pairing is a non-degenerate pairing 
of finite Z/pZ-modules by Theorem 2.2.4. To proceed the descending induction on n, we study 
the inductive structure of {Xi(n)x}n>o on n - We fix some notation. Let t : Y X and 
j : V(— Xk) ^ X be as before. Let Vy, fi' and \x be as in (8.1.1). See also the remark after 
(8.1.1). Put Ay := and %{n) x ■= %i{n) x . Now for n with 1 < n < N + 1, we define the 
morphism 

ind„ : (jtfip) ® %{n - l) x (:= (j^ p ) ® L %{n - l) x ) ► 1{n) x 

by restricting the product structure T(l)x (S> L T(n — l) x — > %(n) x to the 0-th cohomology sheaf 
j> p of 1(1) x- 

Lemma 10.4.1. Let 

K(n)[-1] -^=-> n'®L*Z(n-l) x ^(n) x K(n) ( 10 - 4 - 2 ) 

be a distinguished triangle in D b (Y(. t , Z/pZ). Then: 

(1) The triple (K(n), a n , b n ) is unique up to a unique isomorphism in D b (Y^, t , Z/pZ), and b n 
is determined by the pair (K(n),a n ). 

(2) K(n) is concentrated in [n — l,n] and a n induces isomorphisms 

'®v^- 2 (q = n-l), 
FM n (q = n), 



H q (K(n)) 



where M n denotes the Stale sheaf ' l* R n j*n® n on Y , and FM n denotes the etale subsheaf 
of M n defined in §3.4. 
(3) There is a distinguished triangle in D b (Y 6t ,Z/pZ) 

K(n)[-1] n' ® Rt %(n - l) x R^(n) x K(n), (10-4-3) 

where c n and d n are morphisms determined by the pair (K(n),a„). 
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(4) There is an anti- commutative diagram 

t*%(n) x canonical > n'tofRMf"- 1 

id^® t *(*i~ (tr(n-i)x)) (10.4.4) 

K(n) i_i'^Ri l Z(n-l) x [l\. 

Proof. (2) follows from the long exact sequence of cohomology sheaves associated with (10.4.2) 
and the isomorphism of sheaves pi <g> L*R q j*fi® n ~ l ~ L*R q j*p® n (cf. (4.2.5)). The details are 
straight-forward and left to the reader. By (2) and Lemma 2.1.1, there is no non-zero morphism 
from p! <g> t*%(n — l) x to K(n)[— 1]. Lemma 10.4.1 (1) follows from this fact and Lemma 2.1.2 
(3). We next prove (3). Let 

•H-l] (MO ® £(n - l)x X(n)x JF 

be a distinguished triangle in D b (X 6t ,Z/pZ). By a similar argument as for the claim (2), 
the cohomology sheaves of JF are supported on Y. This implies that JF = Rl*l*J-. By the 
uniqueness assertion of the claim (1), the triple (i*J-, t*(a'), £*(&')) * s isomorphic to (K(n), a n , b n ) 
by a unique isomorphism. Under this identification, we have a' ~ Rt*(a n ). Moreover, b' is 
determined by the pair (J 7 , a') = (Ri*K(n), i?i*(a n )) by a similar argument as for the claim 
(1). Hence applying to the above triangle, we obtain the distinguished triangle (10.4.3) 
with c n = Ri(b') and d n = Ri l RL*(a n ). Finally, (4) follows from an elementary computation 
on connecting morphisms, whose details are straight-forward and left to the reader. □ 

In what follows, we fix a pair (IK(n), a n ) fitting into (10.4.2) for each n with 1 < n < N + 1. By 
Lemma 10.4.1, the morphisms b n , c n and d n fitting into (10.4.2) and (10.4.3) are determined 
by (K(n),a n ). Next we construct a pairing on {K(n)}i<„<jv+i using {a„}i< n <iv+i- Let us note 
that for objects /Ci,/C 2 G D~(Y 6t ,Z/pZ), and /C 3 G D + (Y 6t ,Z/pZ), we have 

Hom £) (y 4t>Z /p Z )(/Ci ® L /C 2 , /C 3 ) ^ Hom D( y. tiZ/pZ) (/Ci, RHom Y ,z/pz(K.2, /C 3 )) • 

For /Cefl-(y ft , Z/pZ), we define 

D(/C) := RHom YtW {lC, p! ® z/f [-iV - 2]) G £> + (y a , Z/pZ). (10.4.5) 

Lemma 10.4.6. Let n fre as before and put n' := iV + 2 — n. T/ien t/iere is a unique morphism 

(K(n)[-1]) ® L K(n') ► // <g> i/£[-JV - 2] in ZT(y 6t ,Z/pZ) (10.4.7) 

whose adjoint morphism K(n)[— 1] — > D(K(n')) /its into a commutative diagram with distin- 
guished rows (cf. (10.4.2), (10.4.3)) 

K(n)[-1] // ® ik'X(n - 1)* i?/, ! T(n) x -^=-> X(n) 



B(K(n')) B(i*X(n')x) P(i ° d " ,) » Bfc' i*%(n' - l)x) B(Pn,) > B(K(n')[-l]). 

Here the vertical arrows (Jj) come from the product structure of {%(n) x } n >o, the identity map 
of p! and the Gysin isomorphism Gysf^ 1 in Lemma 7.3.3 (the commutativity of the central 
square is easy and left to the reader). 
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Proof. The assertion follows from Lemma 2.1.2 (1) and the fact that 
Hom D+(ntiZ/pZ) (K(ri),D(// ® t*X(n' - l)x)) 
~Hom D - (Y6tiZ/pZ) (K(n) ® L (// <g> t*X(n' - l) x ),n' ® v$[-N - 2]) = 0, 
where the last equality follows from Lemma 10.4.1 (2) and Lemma 2.1.1. □ 
Now we turn to the proof of Theorem 10.1.1 (2) and claim the following: 
Proposition 10.4.8. Let n and n' be as in Lemma 10.4.6. Then for i £ Z, the pairing 

W(Y,K(n)) x H 2iV + 2 -*(y,K(n')) V ®H N+1 (Y,v») li, (10.4.9) 

induced by (10.4.7), is a non- degenerate pairing of finite Z/pZ-modules. 

We will prove this proposition in the next subsection. We first finish the proof of Theorem 10.1.1 
(2) by descending induction on n < N + 1, admitting Proposition 10.4.8. See the beginning of 
this subsection for the case n = N + 1. Indeed, we obtain Theorem 10.1.1 (2) from Proposition 
10.4.8, applying the following general lemma to the commutative diagram in Lemma 10.4.6: 

Lemma 10.4.10. Let JC± — > /C 2 — > /C 3 — > /Ci [1] and £ 3 — > £ 2 — ► £1 — ► ^[1] oe distinguished 
triangles in D b {Y^ t) Z/pZ), and suppose that we are given a commutative diagram 

fCi > /C 2 >■ /C 3 > /Ci[l] 



«2 



03 



B(£ 2 



D(£ 3 ) 



ai[l] 



D(A)[1] 



(with distinguished rows) in D + {Y(, t ,Z/pZ). Form e {1,2,3} and « G Z, /et 



& : H* (Y, /C m ) x H 2W + 3 -(F, £ m ) — /i ® H^F, v») 



// 



&e £ae pairing induced by the adjoint morphism JC m (g> L C m — > // <g) z/y [— TV — 2] 0/ a r 
£ := 2iV + 3 — i. Then there is a commutative diagram with exact rows 

W-\Y,IC 3 ) — > ff(F,/Ci) — > ff(Y,/C 2 ) — > fP(Y,/C 3 ) — > H i+1 (Y,/Ci) 



^r 1 



71 



7^ 



71 



7^ 



H £+1 (r,£ 3 



00 



H € (y,A) 



H € (Y,£ 2 )* — ► H £ (Y,£, 



a/ter changing the signs of (b) suitably. Here for a Z/pZ-module E, E* denotes Homz/ p i(E, li), 
and 7^ denotes the natural map induced by f3 % m . Furthermore, if '7J and 73 are bijective for any 
i, then ^\ is bijective for any i. 

Proof. For each m and i, 7^ factors as follows: 

ff(Y,/C m ) Ext^(£ m ,//®^) ► Hom z/pZ (H 2 ^ 3 -(y,£ m ), / i), 

where the last map arises from a Yoneda pairing and the trace isomorphism B. N+1 (Y, //<8>i/y ) ~ 
/i. The commutativity of the diagram of cohomology groups in the lemma follows from the 
functoriality of this decomposition. The last assertion follows from the five lemma. □ 
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10.5. Proof of Proposition 10.4.8. Let us recall that the canonical pairings 

w(y, vV) x H iV+1_i (y, Xy 9 ) ^ z/pz, 5 

(g = n' — 2 or n — 2) are non-degenerate pairings of finite groups for any % by Theorems 2.2.4 
and 9.1.1, respectively. We deduce Proposition 10.4.8 from these results. Let U(n) be an object 
of D b (Y^. t ,Z/pZ) fitting into a distinguished triangle 

\ Y \-n-\\ ► U(ra) ► K(n) ► A y [-n], 

where the last morphism is defined as the composite K(n) — > H, n (K.(n))[— n] ~ FM"[-n] — > 
Xy[-n] (cf. Lemma 10.4.1 (2), Theorem 3.4.2, Corollary 3.5.2). By Lemma 10.4.1 (2) and 
Lemma 2.1.2 (3), U(n) is concentrated in [n — l,n] and unique up to a unique isomorphism. 
We have 



(q = n). 

For K G D 6 (F fit ,Z/pZ), let D(/C) be as in (10.4.5). In view of Lemma 10.4.10 and the non- 
degeneracy of the pairings in (10.5.1), we have only to show the following: 

Lemma 10.5.3. (1) There is a unique morphism 

/:U(ra)[-l] ► B(FM n '[-n']) in D + (Y 6t ,Z/pZ) 

fitting into a commutative diagram with distinguished rows 

U(n)[-1] — ►K(n)[-1] — ► X Y [-n-l] — ► U(n) 



(10.4.7) 



/[I] 



10.5.4) 



(-i) n -/i 

B(FM n '[-n'}) — ► D(K(n')) — ► ® *£'~ 2 [-n' + 1]) — ► D(FM"'[-n'])[l]. 
ii/ere t/ie /ower row arises from a distinguished triangle obtained by truncation 

H'® 4~ 2 [-n' + 1] ► K(ra') ► FM n '[-n'] > // <g> v Y ^ 2 [-n' + 2] 

(c/. Lemma 10.4.1 (2)), and we /tai>e chosen the signs of the connecting morphisms [=the 
last arrows) of the both rows suitably. The arrow f\ is defined as the adjoint morphism 
of the map \ Y [—n — 1] <g> L ~ 2 )[-ra' + 1] — > //<g)i/y [-7V-2] induced by the identity 

map of n' and the pairing (2.2.3). 
(2) There is a commutative diagram with distinguished rows in D + (Y 6t ,Z/pZ) 

H' ® v Y ~ 2 \~n\ -»• U(n)[-1] -► ^Jlff-n - 1] -»• // ® i/£ _2 [-ra + 1] 

h\ f{ fs{ / 2 [i]j (10.5.5) 

D(A y '[-™']) -► D(M n '[-n']) -► D(?7 1 AP'[-n / ]) -► D(A Y ' [-"'])[!]• 

/fere £ae upper row is the distinguished triangle obtained by truncation (cf. (10.5.2)), the 
lower row arises from the short exact sequence — > XJ x M n — > FM n — > Ay — > 0, and we 
Ziave chosen the signs of the connecting morphisms (—the last arrows) of the both rows 
suitably. The arrow f 2 is defined in a similar way as for f\ in (1), and f 3 denotes the 
morphism induced by n [— 1]. See §8.2 for n . 
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To prove Lemma 10.5.3, we first show Lemma 10.5.6 below. Note that for K G D b (X^ t ,Z/pZ), 
RjJ*IC and RiK are both bounded (cf. Lemma 7.3.2). For /C,£ G D b {X 6t ,Z/pZ), K ® L C is 
bounded, because a Z/pZ-sheaf is flat over Z/pZ. 



Lemma 10.5.6. For JC,£ G D b (X^, t ,Z/pZ), there is a commutative diagram 

{Rj*fK) ® L £ ► R]*f(IC® L £) 



{l,Rl-K[1}) ® h C 



l*Rl(K, 



cm, 



V,Y 



10.5.7) 



where the horizontal arrows are natural product morphisms. 



The commutativity of the induced diagram of cohomology sheaves of (10.5.7) would be well- 
known. However, we include a proof of the lemma, because we need the commutativity in the 
derived category to show especially Lemma 10.5.3 (2). 

Proof of Lemma 10.5.6. For two complexes M* and N', let (M* <g> N'Y be as in Proof of 
Proposition 4.4.10. For a map h* : M* — > N* of complexes, let Cone(/i)* be as in Proof 
of Proposition 4.3.1 and let Uh '■ N* — > Cone(/i)* be the canonical map. Let C b (X(. t ,Z/pZ) 
be the category of bounded complexes of Z/pZ-sheaves on X 6t . Take an r-acyclic resolution 
K' G C b (X 6t ,Z/pZ) of /C (see the remark before Lemma 10.5.6) and a bounded complex 
L* G C b (Xz t , Z/pZ) which represents C. Note that K* is a j*-acyclic resolution of /C as well. 
We further take an injective resolution J* G C + (X 6t , Z/pZ) of (if*(8)L , ) t . Let / : K* -> j*.f fT* 
and g : J* —> j*j*J' be the canonical maps, and let /' : (if* <g> L')* — > ((j*j*K*) <g) L*)* be the 
map induced by /. Then in D b (X^, t ,Z/pZ), the diagram (10.5.7) decomposes as follows: 



(1) 



((^#•[1]) <g> L')* 



(ujlglid) 1 

(Conc(/)*®L*) t 



(2) 



((j.r-f)®^)* 

Cone(/')' 



(3) 



3*fJ' 



Cone( 5 )* 



(4) 



*{?,V(K® L £) 



where <fi, </?2, y?4 and 925 are canonical maps of complexes and y?2 and ip 5 are isomorphisms 
in D b (X 6t ,Z/pZ). The arrow </? 3 is defined as the natural identification of complexes, and the 
composite of the lower row agrees with the bottom arrow in (10.5.7). The squares (2) and (3) 
commute in the category of complexes, and the squares (1) and (4) commute in D b (X^, t , Z/pZ) 
by the definition of connecting morphisms. Thus the diagram (10.5.7) commutes. □ 

Proof of Lemma 10.5.3. There is a commutative diagram in D b (X &t ,Z/pZ) 



(M-l])® L id 

i*RL %(n - l) x ® L Z(n') x 



82 [-1] 



i*Rl 1 1(N + l) x 



v?[-N-2], 



where the left horizontal arrows are product morphisms and we wrote 5\ and 82 for 5y c Y (T(n — 
l)x) and 5yy(T(A^ + l)x), respectively. The left square commutes by Lemma 10.5.6, and the 
right square commutes by (4.4.2). By this commutative diagram and the ant i- commutativity 
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of (10.4.4), the square 

(i*%(n) x [-l])^i*%(n') x i*Rj^ N+2 [-l] 



(a„[-l])® L a n , 



(8.2.2) (10.5.8) 



(K(n) [-1]) ® L K(n') // v$ [-N - 2] 

commutes in D b (Y^, t , Z/pZ) (cf. the diagram in Lemma 10.4.6). Now we prove Lemma 10.5.3, 
using a similar argument as for Lemma 10.4.6. We first show (1). Because there is no non-zero 
morphism from U(n) to B(// <g) v Y ~ 2 \— n' + 1]), it suffices to show the commutativity of the 
central square in (10.5.4). Our task is to show that the composite morphism 

(K(n)[-1]) ® L (/x / ®^'- 2 )[-n' + l] — > (K(n)[-l])® L K(n') ^% ^> ® U *[-N -2} 

induces (— l) n • /i, which follows from the commutativity of (10.5.8) and Lemmas 10.4.1 (2) 
and 2.1.1. The details are straight-forward and left to the reader. We next show (2). There 
are no non-zero morphisms from /j,' <g> Vy~ 2 \—n + 1] to D(?7 1 M n [— n']), and the left square in 
(10.5.5) commutes by a similar argument as for (1). Hence there is a unique morphism / 4 : 
U 1 M n [-n] -> D(f/ 1 M n '[-n / - 1]) fitting into (10.5.5) (cf. Lemma 2.1.2 (2)), which necessarily 
agrees with / 3 by the commutativity of (10.5.8) and the construction of these maps. Thus we 
obtain the lemma. □ 

This completes the proof of Proposition 10.4.8 and Theorems 10.1.1 and 10.1.3. □ 

10.6. Consequences in the local case. We state some consequences of Theorem 10.1.1. Let 
the notation be as in Theorem 10.1.1 and Remark 10.1.5. Let HJ ir (l / , fif r n ) be the image of the 
canonical map W (X , % r (n) x ) -> ff(I/,//®, n ). 

Corollary 10.6.1. H^ r (V, //®") and H^ _l (V, ^pr d ~ n ) are exact annihilators of each other under 
the non- degenerate pairing (10.1.6). 

Proof. By Theorem 6.1.1 and a similar argument as for Lemma 10.2.1, one can easily check 
that the composite map 

H M (V, pLp^) ^ (%rWx \ R^\X,Z r (d)x) Z/jTZ 
agrees with the trace map try. Hence the diagram with exact rows 

W(X,Z r (n) x ) ► W(V, fif r n ) HV +1 (X,X r (n) x ) 



(10.1.2) 



(10.1.6) 



(10.1.2) 



R p+i-i(X,Z r (d-n) x )* YL 2d -\V^f- n Y ► YL 2d -\X,%{d-n) x y 

commutes up to signs. Here the superscript * means the Pontryagin dual, and the bijectivity 
of the left and the right vertical arrows follows from Theorem 10.1.1. Now the assertion follows 
from a simple diagram chase on this diagram. □ 

Corollary 10.6.1 includes some non-trivial duality theorems in the local class field theory. More 
precisely, we have the following consequence, where K := Frac(A) and Br(C) := H 2 (C, G m ): 
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Corollary 10.6.2. Let C be a proper smooth curve over K with semistable reduction. Then 
there is a non- degenerate pairing of finite Z/p r Z-modules 

Pic(C)/p r x prBr(C) — ► Z/p r Z. 

This corollary recovers the p-adic part of the Lichtenbaum duality [Lil] for C and the Tate 
duality [Tal] for the Jacobian variety of C (cf. [Sal], p. 413). However our proof is not new, 
because we use Artin's proper base-change theorem for Brauer groups. 

Proof. Take a proper flat regular model X over B of C with semistable reduction. Let Y be the 
closed fiber of X/B, and define Br(X) := H 2 (A, G m ). There is a commutative diagram with 
exact rows 

► Pic(X)/p r ► H 2 (X,T r (l) x ) ► prBr(X) ► 

► Pic(C)/p r ► H 2 (C,/v) ► p rBr(C7) ► 

See (4.5.3) for the upper row. In view of Corollary 10.6.1, our task is to show Pic(C)/p r = 
H^(C, (Apr). Because the left vertical arrow is surjective, it is enough to show Br(X) = 0. Now 
by Artin's proper base-change theorem: Br(X) ~ H 2 (Y, G m ) (cf. [Gt], III. 3.1), we are reduced 
to showing H 2 (Y, G m ) = 0, which follows from the classical Hasse principle for the function 
fields of Y (cf. [Sal], §3, p. 388). Thus we obtain the corollary. □ 
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Appendix A. An application of p-adic Hodge theory to the coniveau filtration 

by KEI HAGIHARA 1 

Department of Mathematical Sciences, University of Tokyo 
Komaba, Meguro-ku, Tokyo 153-8914 Japan 
e-mail: kei-hagi@318uo.ms.u-tokyo.ac.jp 

A.l. Every 'suitable' cohomology theory H* for schemes, for example etale cohomology, is 
naturally accompanied with an important filtration called coniveau filtration, which is defined 
as follows: 

N r W(X) :=Im(hm ZeX >, W Z {X) — ► IP(X)) 

=Ker(ff(X) — >\\m ZeX >rR l (X - Z)), 
where H* Z (X) denote cohomology groups with support in Z and we put 

X^ r = {Z C X | closed in X and codim x (Z) > r} 

1 Appendix A is based on his master's thesis at Tokyo University on 1999. He expresses his gratitude to 
Professors Kazuya Kato and Shuji Saito for helpful conversations and much encouragement. He is supported 
by the 21st century COE program at Graduate School of Mathematical Sciences, University of Tokyo. 
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for non-negative integer r. This filtration, built into any cohomology group, is intimately related 
to algebraic cycles and often enables us to control their behavior by various cohomological tools, 
although the filtration per se has not been well-understood yet. The aim of this appendix is to 
analyze this interesting filtration on etale cohomology groups by means of p-adic Hodge theory. 
More precisely, we give an upper bound of it, assuming that X is a variety over a 'p-adic' field. 

A. 1.1. To state our results more precisely, we fix the setting. Let A be a henselian discrete 
valuation ring A whose fraction field K has characteristic and whose residue field k is perfect 
of characteristic p > 0. Consider the following diagram of schemes: 

Y — X ^— X 



□ 



□ 



Spec(/c) > Spec(A) < Spec(-ftT), 

where the vertical arrows are proper and flat, and both squares are cartesian. We assume that 
X is a regular semistable family over A, i.e., X is regular, X is smooth over K and Y is a 
reduced divisor on X with normal crossings. Fix an algebraic closure K of K, let A be the 
integral closure of A in K and let k be its residue field. We denote Y 0k k, X <S>a A and X 0k K 
by Y, X and X, respectively, and write % and j for the canonical maps Y — > X and X — > X, 
respectively. For simplicity we always suppose that X and X are connected. Throughout this 
appendix, we use the general notation fixed in §§1.6-1.7 of the main body. 

A. 1.2. By standard theorems in etale cohomology theory, we have spectral sequences 

= R a (Y,i*R b j*Z/p n (m)) =>■ R a+b (X,Z/p n (m)), 

= R a (Y,?R b j*z/p n ) H a+b (X,Z/p n ), 
where Z/p n {m) denotes the sheaf //Si" on We define the filtration F' C R q (X,Z/p n (m)) 
as that induced by the former spectral sequence. Alternatively, one can define 

F r R q (X,Z/p n (m)) := Im (H 9 (X, T< q _ r Rj,Z/p n (m)) -> R q (X, Z/p n {m))). 

Now we have two nitrations N* and F* on H 9 (X, Z/p n (m)). One defines the nitrations N* and 
F* on W(X ,Z/p n ) as well in the same way. 

A. 1.3. Our results are stated as follows. 

Theorem A. 1.4. Let r, s and n be non-negative integers with < r < s/2. Then 

N r W(X, Z/p n (s -r))c F r W(X, Z/p n (s - r)). 

Theorem A. 1.5. Let r, s and n be non-negative integers with < r < s/2. Then 

N r R s (X,Z/p n ) C F r W(X,Z/p n ). 

Remark A. 1.6. Ifr is outside of this interval, these assertions are straight-forward by coniveau 
spectral sequences (c/. [BO]). 

A. 1.7. If r = 1, s = 3 and X is smooth, then Theorem A. 1.4 is originally due to Langer 
and Saito ([LS], 5.4). Their proof is ^-theoretic and reduces the problem to semi-purity of 
cohomology groups with coefficients in /C2-sheaves. On the other hand, our proof is p-adic 
Hodge theoretic, i.e., we will reduce the problem to semi-purity of cohomology groups with 
coefficients in etale sheaves of j9-adic vanishing cycles. 
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A. 1.8. The filtration F' is highly non-trivial in the j9-adic coefficients case, in contrast with 
the '£-adic coefficients' case, where for instance in the good reduction case, the corresponding 
filtration is trivial. In fact, as an application of Theorem A. 1.5 we will prove the following: 

Corollary A. 1.9. Let s,r and n be non-negative integers with < r < s/2. Assume that X is 
ordinary, i.e., H a (Y, By) = for all a and b (see Theorem 3.3.7 for By). Then we have 

\ength z/pn N r W(X,Z/p n )< ]T lengthy ^ H" (F, W n ujy a ) , 

r<a<s 

where W n uiy denotes the de Rham-Witt complex defined in [Hyl]. 

A.1.10. Bloch and Esnault [BE] proved that T(Y, Vtf) ^ N^QC, Z/p) ^ H m (X, Z/p), 
assuming that X has ordinary good reduction and that the spectral sequence 

Et = K a (Y,TR%Z/p) K a+b (X,Z/p) 

degenerates at ^-terms. Corollary A. 1.9 recovers and generalizes this fact. 

A. 1.11. We will prove Theorems A.1.4, A. 1.5 and Corollary A. 1.9 in §A.2, §A.3 and §A.4 
below, respectively. 

A. 2. Proof of Theorem A.1.4. We first reduce Theorem A.1.4 to Lemma A. 2. 2 below. For 
Z G X- r , let 3 be the closure of Z in X. There is a commutative diagram 

W z (X,Z/p n (s-r)) ► W(X,Z/p n (s -r)) 

j (A.2.1) 

H|(£, T< s _ r Rj*Z/p n {s - r)) > H S (X, T< s _ r Rj*Z/p n (s - r)). 

Put A := Rj*Z/p n (s — r). Since H 3 (£, .4.) ~ W Z (X, Z/p n (s — r)), there is a long exact sequence 

► H S 3 (X, r< s _ r A) -> W Z (X, Z/p n (s - r)) -> H S 3 (X, r> a _ r+1 .A) -> Hf \X, r< s _ r A) 

Now Theorem A.1.4 is reduced to 

Lemma A. 2. 2. H|(X, r> s _ r+ i»4) = for any Z G X- r and any r, s G Z as in the theorem. 

Indeed, by this lemma the left vertical arrow in (A.2.1) is surjective, and Theorem A.1.4 follows 
from a diagram chase on (A.2.1). 

A. 2. 3. The rest of this subsection is devoted to Lemma A. 2. 2. The following sublemma follows 
from a simple argument on flatness, whose proof is left to the reader: 

Lemma A. 2. 4. For Z G X- r , put Z p := 3 <8U k with 3 the closure of Z C X. Then Z p G Y- r . 

A.2.5. Let Z, 3 and Z p be as in Lemma A. 2.4. For q G Z, we put C n (q) := i* Rj *Z / p n (q) . 
Since R m j *Z / p n (q) ~ i*i* R m 'j*Z/ 'p n (q) for m > 0, we have 

H|(X, T> s - r+l Rj*Z/p n {s - r)) ~ H| p (y, r> s _ r+1 C n (s - r)). 

We prove that the right hand side is zero. There are distinguished triangles 

r> s _ r+ iC„_i(s - r) — > T> s _ r+1 C n (s - r) — > r> s _ r+ i d(s - r), 

i*R m j*Z/p(s - r)[-m] — >r> m Ci(s-r) — > r> m+l d(s - r) 
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in D + (Y{. t ), where the former triangle is obtained from the short exact sequence 

— ► Z/p n - l (s -r) — ► Z/p n (s -r) — ► Z/p (s - r) — > 

and, in fact, distinguished because the map i*R s ~ r j^Z/p n (s — r) — > i* R s ~ r 'j*7,/p(s — r) is 
surjective (cf. Theorem 3.3.7 (1) in the main body). By these distinguished triangles and 
Lemma A. 2. 4, Lemma A. 2. 2 is reduced to the following semi-purity result: 

Theorem A. 2. 6 (Semi-purity). For any Z p e Y- r and any a,m,q with a <r — 1, we have 

E. a Zp (Y,i*R m j*Z/p(q))=0. 

A.2.7. By a standard norm argument, Theorem A. 2. 6 is reduced to the case where K contains 
primitive p-th roots of unity. In this case, we have Z/p (q) ~ Z/p (m) on X, and it suffices to 
consider the case m = q. Hence Theorem A. 2. 6 is reduced to the vanishing 

H^ p (Y, c4 >log ) = W Zp (Y, u b Y /B b y) = W Zp (Y, B b Y ) = for any a, b with a < r - 1 

by the Bloch-Kato-Hyodo theorem (cf. Theorem 3.3.7). By a similar argument as for [Mil], 
1.7, the sheaves u Y /B Y and B Y are locally free (Cy) p -modules of finite rank. By [Hyl], (1.5.1), 
there is an exact sequence 

► u b Ylog ► uj b Y 1 ~ C " 1 ) uo b Y /B b Y > 0. 

Therefore we are further reduced to the following lemma: 

Lemma A. 2. 8. Let T be a locally free {O y ) p -module of finite rank. Then (F, JF) is zero 
for any a < r — 1 . 

A. 2. 9. Since the absolute Frobenius morphism F Y : Y — > Y is finite, H* z (Y,!F) is isomorphic 
to YL* Zp (Y, F Y ^(J-')). Hence we are reduced to the case that JF is a locally free CV-module of 
finite rank. Take an etale covering {C/j}j 6 j of Y which trivializes T . By a local-global spectral 
sequence ([SGA4], V.6.4 (3)), it suffices to prove that 

ft a z p XYuS U ii °uj = for any a < r - 1 and any % E I, 

where 7i* z (X, •) denotes the sheaf of cohomology groups with support ([SGA4], V.6). One can 
easily check this triviality by the comparison theorem on Zariski and etale cohomology groups 
for coherent sheaves ([SGA4], VII. 4. 3) and standard facts on depth (see, e.g., [Ha2], (3.8)), 
noting that Y and Ui (i € I) are Cohen-Macauley ([AK], VII. 4. 8). This completes the proof of 
Claim, Lemma A. 2. 2 and Theorem A. 1.4. □ 

Corollary A. 2. 11. Let q,r and s be integers with < r < s/2. Then 

N r R s (X,Z/p(q)) C F r R s (X,Z/p(q)). 

Proof. Indeed the restriction on Tate twists is unnecessary in this n — 1 case by a standard 
norm argument. □ 

A. 3. Proof of Theorem A. 1.5. Because we do not need to care about Tate twists on X, the 
proof becomes much simpler. As in the proof of Theorem A. 1.4, it is enough to show that 

H| p (F,r> s _ r+1 fi?J*Z/p") = 
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for arbitrary Z p E Y . Since Z/p ra (l) ~ Z/p ra on X for any n, we have an exact sequence 

— TB?j,Z/p n - 1 (q) — i*R«j*Z/p n (q) — TB?j t Z/p(q) — 

(cf. [BK], p. 142, line 9 and [Hyl], (1.11.1)). Hence it suffices to show that 

H^(F,Ti^Z/p(g)) = 

for any a, g with < a < r — 1. Take a finite extension k Q /k over which Z p C V is defined, 
and take a closed subset Z P) q of F fco such that Z Pi q <S>k Q k ^ Z p under the isomorphism 
(Y <S>k ko) <S>k k ~ y. Now let K' be a finite extension of K whose residue field k' contains ho, 
and let A' be the integer ring of K' . By [SGA4], VII. 5. 8, our task is to show that 

W z M A Y ® k k '' rR9 3* Z /P («)) = 
for any a, q with < a < r — 1, where i' (resp. j') denotes the morphism Y ®k k' — > X 0^ A' 
(resp. X ®x K' ^ X (E)a A'). This assertion follows from the same argument as in Theorem 
A. 2. 6. Thus we obtain Theorem A. 1.5. □ 

A. 4. Proof of Corollary A. 1.9. Let W n UY log be the modified logarithmic Hodge- Witt sheaves 
(cf. §3.3 of the main body). The ordinarity assumption implies that 

n a (Y,TR b j^/p n ) * H a (F,H/„4 ilog ) 

([BK], (9.2), [Hyl], (1.10)) and that 

H a (F, W n u b Ylog ) ® z/pn W n (k) ~ H a (F, W n <4) 
([BK], (7.3), [112], (2.3)). Hence Corollary A.1.9 follows from Theorem A.1.5. □ 

Remark A. 4.1. The theorem of Bloch- Esnault in [BE], (1.2) is a direct consequence of Corol- 
lary A.1.9 with r = n = 1 and X/A smooth. They derived some interesting results on algebraic 
cycles from this case. Therefore Corollary A.1.9 would provide us with much more information. 
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